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Preface

This book is devoted to fractional order systems, their applications to mod-
elling and control. It is based on derivatives and integrals of arbitrary (real)
order, fractional differential equations and methods of their solution, ap-
proximations and implementation techniques.

The advantages of fractional calculus have been described and pointed
out in the last few decades by many authors. It has been shown that the
fractional order models of real systems are regularly more adequate than
usually used integer order models.

Applications of these fractional order models are in many fields, as for
example, rheology, mechanics, chemistry, physics, bioengineering, robotics
and many others.

At the same time, fractional integrals and derivatives are also applied
to the theory of control of dynamical systems, when the controlled system
and/or the controller is described by fractional differential equations.

The main goal of the book is to present applications and implemen-
tations of fractional order systems. It provides only a brief theoretical
introduction to fractional order system dedicating almost all the space to
the modelling issue, fractional chaotic system control and fractional order
controller theory and realization.

The book is suitable for advanced undergraduates and graduate
students.

It is organized as follows:
Chapter one is a brief introduction to the fractional order systems. Some

historical notes, definitions and fundamentals are described.
Chapter two is dedicated to Fractional Order PID Controller defining

their stability regions when first order with time delay plant have to be
controlled in closed loop.

v
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Chapter three is on fractional order chaotic systems. In this chapter,
a survey of well-known chaotic systems is presented. Mathematical models
of nonlinear dynamical systems contain the fractional derivatives. Total
order of the system is less than three, however, the chaotical phenomena,
as for example, in strange attractors can be observed in such systems.

In chapter four the operator sm, where m is a real number, is approx-
imated via the binomial expansion of the backward difference and then a
hardware implementation of differintegral operator is proposed using Field
Programmable Gate Array (FPGA). This building block represents the
basic element to implement fractional order control systems.

Chapter five is devoted to microprocessor implementation of the frac-
tional order controllers. Fundamentals on discrete approximations of a
fractional operator as well as control algorithm for implementation of the
controllers are described. Also presented are three examples of the discrete
fractional order controllers implemented on PIC, PC with PCL card, and
PLC, respectively. A real measurement and obtained results are shown for
each particular case. Some concluding remarks close this chapter.

Chapter six is dedicated to the implementation of the fractional order
PID controller by using the analog counter part of FPGA that is Field
Programmable Analog Array (FPAA).

Chapter seven presents a possible implementation of an Integrated Cir-
cuit by using the switched capacitor technology. The aim of the chapter
is to start a research activity that can provide an integrated circuit imple-
menting differintegral operators.

Chapter eight concludes this book showing an useful modelling applica-
tion of fractional order system on Ionic Polymeric Metal Composite (IMPC)
membranes. Going beyond the IMPC, the proposed modelling approach
shows that it is possible to obtain low order fractional order models instead
of bigger order integer one.

More than 140 references are listed and cited in the book, even if it
cannot be a complete bibliography for this area of interest. Readers can
find many other references related to this topic.

Riccardo Caponetto
Giovanni Dongola

Luigi Fortuna
Ivo Petráš
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Chapter 1

Fractional Order Systems

In this chapter a brief introduction to Fractional Calculus will be
given. Starting from the historical roots of the Science of Frac-
tional Calculus, this chapter aims to define fundamental notions
and observable behaviours of FOS.

1.1 Fractional Order Differintegral Operator: Historical
Notes

The concept of the differentiation operator D = d
dx

is familiar to all those
who have studied elementary calculus. For suitable functions, the n-th
derivative of f , namely Dnf(x) = dnf(x)

dxn , is well defined when n is a positive
integer. In 1695 L’Hopital asked Leibniz what meaning could be ascribed to
Dnf if n were a fraction. Since that time fractional calculus has drawn the
attention of many famous mathematicians, such as Euler, Laplace, Fourier,
Abel, Liouville, Riemann, and Laurent. But it was not until 1884 that the
theory of generalized operators achieved such a level in its development so
as to make it suitable as a point of departure for the modern mathematician.
By then the theory had been extended to include Dm operators, where m

could be rational or irrational, positive or negative, real or complex. Thus
the name fractional calculus became somewhat of a misnomer. A better
description might be differentiation and integration to an arbitrary order.
However, we shall adhere to tradition and refer to this theory as fractional
calculus.

During the investigations of the general theory and applications of dif-
ferintegrals (a term that was coined to avoid the cumbersome alternate
“derivatives or integrals to arbitrary order”), it was discovered that, while
this subject is old, dating back at least to Leibniz in its theory and to

1



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

2 Fractional Order Systems: Modelling and Control Applications

Heaviside in its application, it has been studied relatively little since the
early papers which only hinted at its scope. In the last several years a mild
revival of interest in the subject seems to have taken place, but the ap-
plication of these ideas has not yet been fully exposed, primarily because
of their unfamiliarity. Our studies have convinced us that differintegral
operators may be applied advantageously in many diverse areas. Within
mathematics, the subject is in contact with a very large segment of classical
analysis and provides a unifying theme for a great number of well known,
and some new, results. Applications outside mathematics include other-
wise unrelated topics such as: transmission line theory, chemical analysis
of aqueous solutions, design of heat-flux meters, rheology of soils, growth of
intergranular grooves on metal surfaces, quantum mechanical calculations,
and dissemination of atmospheric pollutants.

Fractional derivatives provide an excellent instrument for the descrip-
tion of memory and hereditary properties of various materials and pro-
cesses. This is the main advantage of fractional derivatives in comparison
with classical integer-order models, in which such effects are in fact ne-
glected. The advantages of fractional derivatives become apparent in mod-
eling mechanical and electrical properties of real materials, as well as in the
description of rheological properties of rocks, and in many other fields.

Fractional integrals and derivatives also appear in the theory of control
of dynamical systems, when the controlled system or/and the controller is
described by a fractional differential equation. The mathematical modeling
and simulation of systems and processes, based on the description of their
properties in terms of fractional derivatives, naturally leads to differential
equations of fractional order and to the necessity to solve such equations.

The idea of fractional derivatives and integrals seems to be quite
a strange topic, very hard to explain, due to the fact that, unlike com-
monly used differential operators, it is not related to some important ge-
ometrical meaning, such as the trend of functions or their convexity. For
this reason, this mathematical tool could be judged “far from reality”. But
many physical phenomena have “intrinsic” fractional order description and
so fractional order calculus is necessary in order to explain them.

1.2 Preliminaries and Definitions

Fractional systems, or more non integer order systems, can be considered
as a generalization of integer order systems [Oldham (2006)], [Ross (1975)],
[Sabatier (2007)], [Kilbas (2006)] and [Das (2007)].
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Fractional calculus is a generalization of integration and differentiation
to non-integer order fundamental operator aDr

t , where a and t are the limits
of the operation and r ∈ R. The continuous integro-differential operator is
defined as

aDr
t =


dr

dtr : r > 0,

1 : r = 0,∫ t

a
(dτ)−r : r < 0.

The three equivalent definitions most frequently used for the general
fractional differintegral are the Grünwald-Letnikov (GL) definition, the Rie-
mann-Liouville (RL) and the Caputo definition [Oldham (2006)], [Podlubny
(1999a)].

The GL definition is given by

aDr
t f(t) = lim

h→0
h−r

[ t−a
h ]∑

j=0

(−1)j

(
r

j

)
f(t − jh), (1.1)

where [.] means the integer part.
The RL definition is given as

aDr
t f(t) =

1
Γ(n − r)

dn

dtn

∫ t

a

f(τ)
(t − τ)r−n+1

dτ, (1.2)

for (n − 1 < r < n) and where Γ(.) is the Gamma function.
The Caputo definition can be written as

aDr
t f(t) =

1
Γ(r − n)

∫ t

a

f (n)(τ)
(t − τ)r−n+1

dτ, (1.3)

for (n−1 < r < n). The initial conditions for the fractional order differential
equations with the Caputo derivatives are in the same form as for the
integer-order differential equations.

In the above definition, Γ(m) is the factorial function, defined for posi-
tive real m, by the following expression:

Γ(m) =
∫ ∞

0

e−uum−1du (1.4)

for which, when m is an integer, it holds that:

Γ(m + 1) = m! (1.5)

The definition of fractional derivative easily derives by taking an n order
derivative (n suitable integer) of a m order integral (m suitable non integer)
to obtain an n − m = q order one:

dqf(t)
dtq

=
dn−mf(t)

dtn−m
=

1
Γ(m)

dn

dtn

∫ t

0

(t − y)m−1f(y)dy (1.6)
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It must be noted that for q = 1 (n = 2, m = 1), (1.6) becomes the canonical
first order derivative.

Furthermore, most of the derivation rules holding for integer order
derivatives can be extended to the non integer order case. However, we
must remember the following exceptions in order to avoid frequent mis-
takes:

Leibniz rule:

dm
(
f(t)g(t)

)
dtm

�= dmf(t)
dtm

g(t) +
dmg(t)
dtm

f(t) (1.7)

Chain rule:

dmf
(
g(t)
)

dtm
�= dmf

dgm

dmg(t)
dtm

(1.8)

Equivalent rules for fractional differentiation do exist, but since they are not
so immediate (they involve series expansions and therefore infinite terms
have to be considered), their use is limited to few cases.

1.3 Laplace Transforms and System Representation

In system theory the analysis of dynamical behaviours is often made by
means of transfer functions. With this in view, the introduction of the
Laplace transform of non integer order derivatives is necessary for an opti-
mal study. Fortunately, not very big differences can be found with respect
to the classical case, confirming the utility of this mathematical tool even for
fractional systems. Inverse Laplace transformation is also useful for time-
domain representation of systems for which only the frequency response is
known. The most general formula is the following [Oldham (2006)]:

L

{
dmf(t)

dtm

}
= smL

{
f(t)
}− n−1∑

k=0

sk

[
dm−1−kf(t)

dtm−1−k

]
t=0

(1.9)

where n is an integer such that n − 1 < m < n.
The above expression becomes very simple if all the derivatives are zero:

L

{
dmf(t)

dtm

}
= smL

{
f(t)
}

(1.10)

Expression (1.10) is very useful in order to calculate the inverse Laplace
transform of elementary transfer functions, such as non integer order inte-
grators 1/sm. In fact, replacing m with −m and considering f(t) = δ(t),
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the Dirac impulse, by means of the definition (1.3), it holds that:

L

{
tm−1

Γ(m)

}
=

1
sm

; L−1

{
1

sm

}
=

tm−1

Γ(m)
(1.11)

that is the impulse response of a non integer order integrator.
Another important result can be derived by the well known frequency

translation formula L−1{F (s + a)} = e−atL−1{F (s)} applied to (1.11):

L−1

{
1

(s + a)m

}
=

tm−1e−at

Γ(m)
(1.12)

Expression (1.12) is fundamental in fractional calculus for many reasons:
firstly because it gives the impulse response of the generic fractional sys-
tem F (s) = k/(s+a)m, and secondly because it suggests a tool for deriving
a time domain representation with a finite number of terms. In fact, tra-
ditional routes involved Taylor expansion of the given transfer function in
order to obtain a differential equation of the type:

∞∑
k=0

ak
dky(t)
dtk

= u(t) (1.13)

where u(t) is the generic input and y(t) the output of the fractional system.
For equation (1.13) the following expression of ak can be calculated:

ak =
(−1)kΓ(k − m)
k!Γ(−m)ak−m

= u(t) (1.14)

and, since

lim
k→∞

|ak| = 0 (1.15)

there will exist a certain number N (usually very large) that allows the
approximation:

∞∑
k=0

ak
dky(t)
dtk

≈
N∑

k=0

ak
dky(t)
dtk

(1.16)

The alternative representation descending from the use of (1.10) and
(1.12) leads to the following results:

Y (s)
U(s)

=
1

(s + a)m
; (s + a)mY (s) = U(s) (1.17)

Substituting s with (s−a) on both sides of the previous equation, we obtain:

smY (s − a) = U(s − a) (1.18)
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and taking the inverse Laplace transform, it results that:

L−1
{
smY (s − a)

}
= L−1

{
U(s − a)

}
;

dm

dtm
[
eaty(t)

]
= eatu(t) (1.19)

Now we have a non integer order differential equation, with a finite
number of terms, having an exponential time dependence on both the input
and the output of the system. A time-varying state space representation
can be the following: {

dmx(t)
dtm = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t) + D(t)u(t)
(1.20)

where A(t) = 0, B(t) = eat, C(t) = e−at, D(t) = 0. To solve(1.19) and
(1.20), expression (1.3) is commonly used, which is the general formula of
non integer integration; however, only in few cases is its solution analytically
derivable. With this in view, particular numerical routines are adopted, as
will be discussed successively.

1.4 General Properties of the Fractional System

It is now useful to introduce the most important features of fractional sys-
tems. They will be discussed using the same tools usually adopted for
integer order systems which allow an easy comparison among the two dif-
ferent behaviors. For example, let us focus on Bode Diagrams, that is the
principal tool in systems and control theory. Considering F (s) = k/(s+a)m

and assuming s = jω, we obtain:

F (jω) =

[
k1/m

(jω/p + 1)

]m
=

[∣∣∣∣ k1/m

(jω/p + 1)

∣∣∣∣mejϕ
[

k1/m

(jω/p+1)

]]m

=

∣∣∣∣∣ k1/m

(jω/p + 1)

∣∣∣∣∣
m

ejωϕ
[

k1/m

(jω/p+1)

]
(1.21)

and, therefore the magnitude expressed in decibels is∣∣F (jω)
∣∣
dB

= 20 log10

[
k1/m√

ω2/p2 + 1

]m
= 20 log10 k − 20m log10

√
ω2/p2 + 1 (1.22)

It must be noted that, if ω → ∞, (1.22) becomes −20m log10(ω/p)
resulting, on a semi-logarithmic plane, in a line having slope −20m dB

dec

(instead of −20dB/dec for first order systems). This fact is useful to plot
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an asymptotic diagram whose maximum error emax can be found close to
the pole ω = −p. This error can be calculated as follows:

emax =
∣∣∣∣∣F (jp)

∣∣
dB,app

− ∣∣F (jp)
∣∣
dB

∣∣∣ = ∣∣∣∣− 20 log10

(ω
p

)∣∣∣
ω=p

−
(
− 20m log10

√
ω2

p2
+ 1

)
ω=p

∣∣∣∣ ∼= 3mdB (1.23)

while for first order systems this value is 3dB.
Examples of magnitude Bode diagrams are reported in Fig. 1.1. It is

quite evident that the fractional order m modulates the slope of the mag-
nitude diagram, providing a useful parameter for the open loop synthesis
of the controller.

Regarding the phase displacement, it must be noted that, considering
the exponent of expression (1.21), it holds that:

ϕ[F (jω)] = mϕ

[
k1/m

(jω/p + 1)

]
= −m arctan

ω

p
(1.24)

Fig. 1.1 Magnitude Bode Plot of fractional system F (s) = 1/(s + 1)m with m = 1
(solid), m = 0.5 (dashed), m = 1.5 (dotted).
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Expression (1.24) shows that m modulates the scale of the phase law. In
fact, it can be easily seen that for ω → ∞ the phase angle approaches
−mπ/2 instead of −π/2 typical of first order systems. Examples of phase
diagrams are depicted in Fig. 1.2.

Let us now consider the impulse canonical responses. From (1.12) the
following expression for impulse response can be written:

f(t) = L−1

{
k

(s/p + 1)m

}
= L−1

{
kpm

(s + p)m

}
= kpm tm−1e−pt

Γ(m)
(1.25)

The most relevant consideration regarding (1.25) is that, if m < 1, for t → 0
f(t) is infinite (See Fig. 1.3).

However it can be shown that, for any positive m, f(t) satisfies the
hypothesis of Cauchy’s theorem on the existence of the integral [Kaplan
(1992)], and therefore the step response can be calculated.

If we introduce the following definition of Incomplete Gamma Function:

Γ(m, x) =
∫ x

0

e−yym−1dy (1.26)

Fig. 1.2 Phase Bode Plot of fractional system F (s) = 1/(s + 1)m with m = 1 (solid),
m = 0.5 (dashed), m = 1.5 (dotted).
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Fig. 1.3 Impulse response of a fractional system for different values of m (dashed),
m = 0.5 (solid), m = 1 (dotted), m = 1.5.

the step response of our fractional system can be expressed by the simple
formula:

g(t) =
∫ t

0

f(t)dt = k
Γ(m, pt)
Γ(m)

(1.27)

If we look at Fig. 1.4, a faster response of the system having m < 1
can be observed. This fact, due to the infinite value of the derivative for
t = 0, may be successfully exploited for all those applications in which
a high speed is required; for example, in fast control schemes [Oustaloup
(1983)] and image processing [Arena (1998)].

1.5 Impulse Response of a General Fractional System

In previous sections, the theory regarding fractional systems having the
form F (s) = k/(s + a)m has been discussed. However, there are several
examples available in literature that can be associated to the following
transfer function:

F (s) =
b

sm + a
(1.28)
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Fig. 1.4 Step response of a fractional system for different values of m (dashed), m = 0.5
(solid), m = 1 (dotted), m = 1.5.

This is quite a frequent case, especially in the time domain. In fact, if we
consider F (s) = X(s)/U(s), it can be easily shown that the corresponding
differential equation is:

dmx(t)
dtm

= −ax(t) + bu(t) (1.29)

The inverse Laplace transform of (1.28) is not analytically derivable, but
a series expansion of it can be easily obtained. Expanding (1.28) it results
that:

F (s) =
b

sm + a
=

b

sm

∞∑
n=0

(−a)n

snm
(1.30)

and, by using (1.11) for each term of the sum, the impulsive response is:

f(t) = L−1

[
b

sm

∞∑
n=0

(−a)n

snm

]
= btm−1

∞∑
n=0

(−a)ntnm

Γ(nm + m)
(1.31)

whose graphs for different values of m and a = b = 1 are depicted in
Fig. 1.5.

The Mittag-Leffler function:

Em(x) =
∞∑

n=0

xn

Γ(nm + 1)
(1.32)
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Fig. 1.5 The impulse response f(t) as m varies from 0.25 to 2 in 0.25 increments.

is strictly related to (1.31) (see Fig. 1.6). In fact, it is possible to write it
in terms of Em(.) as follows:

f(t) =
d1−mEm(−atm)

dt1−m
(1.33)

This fact is very useful in order to easily derive other canonical responses
such as step response, ramp response, and so on.

For example, knowing that the Laplace transform of Em[−atm] is:

L
{
Em[−atm]

}
=

1
s

∞∑
n=0

(−a

sm

)n

=
1
s

[
sm

sm + a

]
(1.34)

the step response can be easily derived using (1.30) and (1.33). Assuming
it to be G(s) (b = 1 for simplicity), it can be written:

F (s)
s

=
1
s

[
1

sm + a

]
=

1/a

s

[
1 − sm

sm + a

]
(1.35)

and, therefore

g(t) =
1
a

[
H(t) − Em[−atm]

]
=

1/a

s

[
1 − sm

sm + a

]
(1.36)

where H(t) is the Heaviside unit step function. The graph shown in Fig. 1.7,
is not so different from that reported in Fig. 1.6.



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

12 Fractional Order Systems: Modelling and Control Applications

Fig. 1.6 The Mittag-Leffler function, Em[−t] as m varies from 0.25 to 2 in 0.25
increments.

1.6 Numerical Methods for Calculation of Fractional
Derivatives and Integrals

For numerical calculation of fractional-order derivative we can use the re-
lation (1.37) derived from the Grünwald-Letnikov definition (1.1). This
approach is based on the fact that for a wide class of functions, three def-
initions - GL (1.1), RL (1.2), and Caputo’s (1.3) - are equivalent. The
relation for the explicit numerical approximation of r-th derivative at the
points kh, (k = 1, 2, . . . ) has the following form [Podlubny (1999a)], [Vina-
gre (2003)], [Dorčák (1994)]:

(k−Lm/h)D
r
khf(t) ≈ h−r

k∑
j=0

(−1)j

(
r

j

)
fk−j , (1.37)

where Lm is the “memory length”, h is the time step of the calculation and
(−1)j
(
r
j

)
are binomial coefficients c

(r)
j , (j = 0, 1, . . . ). For their calculation

we can use the following expression [Dorčák (1994)]:

c
(r)
0 = 1, c

(r)
j =
(

1 − 1 + r

j

)
c
(r)
j−1. (1.38)

The described numerical method is so called the Power Series Expansion
(PSE) of a generating function. It is important to note that PSE leads to
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Fig. 1.7 The step response as m varies from 0.25 to 2 in 0.25 increments.

approximation in the form of polynomials, that is, the discretized fractional
operator is in the form of a FIR filter, which has only zeros.

The resulting discrete transfer function, obtained by approximating
fractional-order operators, can be expressed in the z-domain as:

0D
±r
kT G(z) =

Y (z)
F (z)

=
(

1
T

)±r

PSE
{(

1 − z−1
)±r
}

n
≈ T∓rRn(z−1),

(1.39)
where T is the sample period, PSE{u} denotes the function resulting from
applying the power series expansion to the function u, Y (z) is the Z trans-
form of the output sequence y(kT ), F (z) is the Z transform of the input
sequence f(kT ), n is the order of the approximation, and R is polyno-
mial of degree n, correspondingly, in the variable z−1, z = exp(sT ), and
k = 1, 2, . . . . Matlab routine dfod1() of this method can be downloaded
from MathWorks, Inc. web (see [Petráš (2003a)]).

Another approach can be achieved by Continued Fraction Expansion
(CFE) of the generating function and then the approximated fractional
operator is in the form of a IIR filter, which has poles and zeros [Chen
(2006b)].
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By taking into account that our aim is to obtain equivalents to the frac-
tional integrodifferential operators in the Laplace domain, s±r, the result
of such approximation for an irrational function, G(s), can be expressed in
the form:

G(s) � a0(s) +
b1(s)

a1(s) + b2(s)

a2(s)+
b3(s)

a3(s)+...

= a0(s) +
b1(s)

a1(s)+
b2(s)

a2(s)+
b3(s)

a3(s)+
. . . (1.40)

where ai(s) and bi(s) are rational functions of the variable s, or are con-
stants. The application of the method yields a rational function, which is
an approximation of the irrational function G(s).

In other words, for evaluation purposes, the rational approximations
obtained by CFE frequently converge much more rapidly than the PSE
and have a wider domain of convergence in the complex plane. On the
other hand, the approximation by PSE and the short memory principle is
convenient for the dynamical properties consideration.

For interpolation purposes, rational functions are sometimes superior
to polynomials. This is, roughly speaking, due to their ability to model
functions with poles. These techniques are based on the approximations of
an irrational function, G(s), by a rational function defined by the quotient
of two polynomials in the variable s in frequency s-domain:

G(s) � Ri(i+1)...(i+m) =
Pµ(s)
Qν(s)

=
p0 + p1s + . . . + pµsµ

q0 + q1s + . . . + qνsν
, (1.41)

(m + 1 = µ + ν + 1)

passing through the points (si, G(si)), . . . , (si+m, G(si+m)).
The resulting discrete transfer function, obtained by approximating

fractional-order operators, can be expressed as:

0D
±r
kT G(z) =

Y (z)
F (z)

=
(

2
T

)±r

CFE

{(
1 − z−1

1 + z−1

)±r
}

p,n

≈
(

2
T

)±r
Pp(z−1)
Qn(z−1)

, (1.42)

where T is the sample period, CFE{u} denotes the function resulting from
applying the continued fraction expansion to the function u, Y (z) is the
Z transform of the output sequence y(kT ), F (z) is the Z transform of the
input sequence f(kT ), p and n are the orders of the approximation, and P

and Q are polynomials of degrees p and n, correspondingly, in the variable
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z−1, and k = 1, 2, . . . . Matlab routine dfod2() can be downloaded from
MathWorks, Inc. web (see [Petráš (2003b)]).

For simulation purposes, here we present the Oustaloup recursive ap-
proximation (ORA) algorithm [Oustaloup (1983, 2008)]. The method is
based on the approximation of a function of the form:

H(s) = sr, r ∈ R, r ∈ [−1; 1] (1.43)

for the frequency range selected as (ωb, ωh) by a rational function:

Ĥ(s) = Co

N∏
k=−N

s + ω′
k

s + ωk
(1.44)

using the following set of synthesis formulas for zeros, poles and the gain:

ω′
k = ωb

(
ωh

ωb

) k+N+0.5(1−r)
2N+1

,

ωk = ωb

(
ωh

ωb

) k+N+0.5(1−r)
2N+1

, (1.45)

Co =
(

ωh

ωb

)− r
2 N∏

k=−N

ωk

ω′
k

,

where ωh, ωb are the high and low transitional frequencies. An implementa-
tion of this algorithm in Matlab as a function ora foc() is given in [Chen
(2003)].

A detailed review of the various approximation methods and tech-
niques (Carlson’s [Carlson (1964)], Chareff’s [Charef (2006)], CFE [Chen
(2006b)], Oustaloup’s [Oustaloup (1995)], etc.) for continuous and discrete
fractional-order models in form of IIR and FIR filters was done in [Vinagre
(2003)]. Some other approaches were described in [Podlubny (2002a)]. Last
but not least we should mention the approach proposed by Hwang, which
is based on the B-splines function [Hwnag (2002)] and Podlubny’s matrix
approach [Podlubny (2002b, 2009)].

The frequency domain approximation methods are not always reli-
able, especially in detecting chaos behaviour in nonlinear systems [Tavazoei
(2007a, 2008b, 2007b)]. As has been shown, due to the error of approxima-
tion, numerical simulation may result in wrong conclusions, e.g. fake chaos
is produced due to the implementation of the frequency domain approxima-
tion methods [Tavazoei (2007b)]. Simulation of the fractional-order system
using the time domain methods is complicated and due to long memory
characteristics of these systems requires a very long simulation time but
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on the other hand it is more accurate. Applying some ideas such as, for
instance, the short memory principle [Podlubny (1999a)], we can reduce the
computational cost of the time-domain methods. Results obtained by these
methods are more reliable than those determined by using the frequency
based approximation [Tavazoei (2008b)].

For numerical simulation of the fractional order system a method on
the basis of the Adams-Bashforth-Moulton type predictor-corrector scheme
has also been proposed [Deng (2007a)]. It is suitable for Caputo derivative
because it just requires the initial conditions and for unknown function it
has clear physical meaning. The method is based on the fact that fractional
differential equation

Dq
t y(t) = f(y(t), t), y(k)(0) = y

(k)
0 , k = 0, 1, . . . , m − 1

is equivalent to the Volterra integral equation

y(t) =
[q]−1∑
k=0

y
(k)
0

tk

k!
+

1
Γ(q)

∫ t

0

(t − τ)q−1f(τ, y(τ))dτ. (1.46)

Discretizing the Volterra equation (1.46) for tn = nh (n = 0, 1, . . . , N), h =
Tsim/N and using the short memory principle (fixed or logarithmic [Ford
(2001)]) we obtain a good numerical approximation of the true solution
of a fractional differential equation while preserving the order of accuracy.
A slightly improved predictor-corrector approach to solve the Fokker-Planck
equation has been noted in [Deng (2007b)]. A collection of the various
numerical algorithms was also presented in [Diethelm (2005)].

1.7 Fractional LTI Systems

A general fractional-order system can be described by a fractional differen-
tial equation of the form

anDαny(t) + an−1D
αn−1y(t) + . . . + a0D

α0y(t)

= bmDβmu(t) + bm−1D
βm−1u(t) + . . . + b0D

β0u(t), (1.47)

where Dγ ≡ 0D
γ
t denotes the Riemann-Liouville or Caputo fractional

derivative [Podlubny (1999a)], or by the corresponding transfer function
of incommensurate real orders of the following form [Podlubny (1999a)]:

G(s) =
bmsβm + . . . + b1s

β1 + b0s
β0

ansαn + . . . + a1sα1 + a0sα0
=

Q(sβk)
P (sαk)

, (1.48)
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where ak (k = 0, . . . n), bk (k = 0, . . . m) are constant, and αk (k =
0, . . . n), βk (k = 0, . . . m) are arbitrary real or rational numbers and with-
out loss of generality they can be arranged as αn > αn−1 > . . . > α0, and
βm > βm−1 > . . . > β0.

The incommensurate order system (1.48) can also be expressed in com-
mensurate form by the multivalued transfer function [Bayat (2008)]

H(s) =
bmsm/v + · · · + b1s

1/v + b0

ansn/v + · · · + a1s1/v + a0
, (v > 1). (1.49)

Note that every fractional order system can be expressed in the form (1.49)
and domain of the H(s) definition is a Riemann surface with v Riemann
sheets [Lepage (1961)].

In the particular case of commensurate order systems, it holds that,
αk = αk, βk = αk, (0 < α < 1), ∀k ∈ Z, and the transfer function has the
following form:

G(s) = K0

∑M
k=0 bk(sα)k∑N
k=0 ak(sα)k

= K0
Q(sα)
P (sα)

(1.50)

With N > M , the function G(s) becomes a proper rational function in
the complex variable sα which can be expanded in partial fractions of the
following form:

G(s) = K0

[
N∑

i=1

Ai

sα + λi

]
, (1.51)

where λi (i = 1, 2, .., N) are the roots of the pseudo-polynomial P (sα) or
the system poles which are assumed to be simple without loss of generality.
The analytical solution of the system (1.51) can be expressed as

y(t) = L−1

{
K0

[
N∑

i=1

Ai

sα + λi

]}
= K0

N∑
i=1

Ait
αEα,α(−λit

α), (1.52)

where Eµ,ν(z) is the Mittag-Leffler function defined as (1.56).
A fractional order plant to be controlled can be described by a typical

n-term linear homogeneous fractional order differential equation (FODE)
in time domain

an Dαn
t y(t) + · · · + a1 Dα1

t y(t) + a0 Dα0
t y(t) = 0 (1.53)

where ak (k = 0, 1, · · · , n) are constant coefficients of the FODE; αk (k =
0, 1, 2, · · · , n) are real numbers. Without loss of generality, assume that
αn > αn−1 > . . . > α0 ≥ 0.
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The analytical solution of the FODE (1.53) is given by the general
formula in the form [Podlubny (1999a)]:

y(t) =
1
an

∞∑
m=0

(−1)m

m!

∑
k0+k1+...+kn−2=m

k0≥0;... ,kn−2≥0

(m; k0, k1, . . . , kn−2)

×
n−2∏
i=0

(
ai

an

)ki

Em(t,−an−1

an
; αn − αn−1, αn

+
n−2∑
j=0

(αn−1 − αj)kj + 1), (1.54)

where (m; k0, k1, . . . , kn−2) are the multinomial coefficients and
Ek(t, y; µ, ν) is the function of Mittag-Leffler type introduced by Podlubny
[Podlubny (1999a)]. The function is defined by

Ek(t, y; µ, ν) = tµk+ν−1E(k)
µ,ν(ytµ), (k = 0, 1, 2, . . .), (1.55)

where Eµ,ν(z) is the Mittag-Leffler function of two parameters [Gorenflo
(2004)]:

Eµ,ν(z) =
∞∑

i=0

zi

Γ(µi + ν)
, (µ > 0, ν > 0), (1.56)

where e.g. E1,1(z) = ez, and where its k-th derivative is given by

E(k)
µ,ν(z) =

∞∑
i=0

(i + k)! zi

i! Γ(µi + µk + ν)
, (k = 0, 1, 2, ...). (1.57)

Consider a control function which acts on the FODE system (1.53) as
follows:

an Dαn
t y(t) + · · · + a1 Dα1

t y(t) + a0 Dα0
t y(t) = u(t). (1.58)

By Laplace transform, we can get a fractional transfer function:

G(s) =
Y (s)
U(s)

=
1

ansαn + · · · + a1sα1 + a0sα0
. (1.59)

The fractional order linear time invariant (LTI) system can also be repre-
sented by the following state-space model

0D
q
t x(t) = Ax(t) + Bu(t)

y(t) = Cx(t), (1.60)

where x ∈ Rn, u ∈ Rr and y ∈ Rp are the state, input and output vectors of
the system and A ∈ Rn×n, B ∈ Rn×r, C ∈ Rp×n, and q = [q1, q2, . . . , qn]T
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are the fractional orders. If q1 = q2 = . . . qn ≡ α, system (1.60) is called
a commensurate order system, otherwise it is an incommensurate order
system.

State transition matrix is

x(t) =
[
I+

Ax(0)
Γ (1 + α)

tα +
A2x(0)

Γ (1 + 2α)
t2α + ..... +

Akx(0)
Γ (1 + kα)

tkα + .....

]

=

( ∞∑
k=0

Aktkα

Γ (1 + kα)

)
x(0) = Φ(t)x(0). (1.61)

A fractional-order system described by n-term fractional differential
equation (1.58) can be rewritten into the state-space representation in the
form [Dorčák (2002)], [Yang (2006)]:


0Dq1x1(t)

0Dq2x2(t)
.
.

0Dqnxn(t)

 =


0 1 . . 0
0 0 1 . 0
. . . . .
. . . . .

−a0/an −a1/an . . an−1/an




x1(t)
x2(t)

.

.
xn(t)

 +


0
0
.
.

1/an

 u(t)

y(t) =
[
1 0 . . . . 0 0

]


x1(t)
x2(t)

.

.
xn(t)

 ,
(1.62)

where α0 = 0, q1 = α1, q2 = αn−1 − αn−2, . . . qn = αn − αn−1, and with
initial conditions:

x1(0) = x
(1)
0 = y0, x2(0) = x

(2)
0 = 0, . . .

xi(0) = x
(i)
0 =

{
y
(k)
0 , if i = 2k + 1,

0, if i = 2k,
i ≤ n. (1.63)

The n-term FODE (1.58) is equivalent to the system of equations (1.62)
with the initial conditions (1.63) if Caputo derivative is considered.

The controllability, just like the conventional observability and control-
lability concept, is defined as follows [Matignon (1996a)]: System (1.60) is
controllable on [t0, tfinal] if controllability matrix

Ca = [B|AB|A2B| . . . |An−1B]

has rank n.
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The observability is defined as follows [Matignon (1996a)]: System
(1.60) is observable on [t0, tfinal] if observanility matrix

Oa =


C

CA

CA2

. . .

CAn−1


has rank n.

1.8 Fractional Nonlinear Systems

Generally, we consider the following incommensurate fractional order non-
linear system in the form:

0D
qi

t xi(t) = fi(x1(t), x2(t), . . . , xn(t), t)

xi(0) = ci, i = 1, 2, . . . , n, (1.64)

where ci are initial conditions, or in its vector representation:

Dqx = f(x), (1.65)

where q = [q1, q2, . . . , qn]T for 0 < qi < 2, (i = 1, 2, . . . , n) and x ∈ Rn.
The equilibrium points of the system (3.2) are calculated via solving the

following equation

f(x) = 0 (1.66)

and we suppose that x∗ = (x∗
1, x

∗
2, . . . , x

∗
n) is an equilibrium point of the

system (3.2).

1.9 Stability of Fractional LTI Systems

Just as what has been considered in the previous subsection, even in the
fractional case, the stability is different from that in the integer one. An
interesting point is that a stable fractional system may have roots in right
half of the complex w-plane. Since the principal sheet of the Riemann
surface is defined −π < arg(s) < π, by using the mapping w = sq, the
corresponding w domain is defined by −qπ < arg(w) < qπ, and the w

plane region corresponding to the right half plane of this sheet is defined
by −qπ/2 < arg(w) < qπ/2.
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Consider the fractional order pseudo-polynomial
Q(s) = a1s

q1 + a2s
q2 + . . . + ansqn = a1s

c1/d1 + a2s
c2/d2 + . . . + anscn/dn ,

where qi are rational number expressed as ci/di and ai are the real numbers
for i = 1, 2, . . . , n. If for some i, ci = 0 then di = 1. Let v be the least
common multiple (LCM) of d1, d2, . . . dn denote as v = LCM{d1, d2, . . . dn},
then [Ghartemani (2008)]

Q(s) = a1s
v1
v + a2s

v2
v + . . . + ans

vn
v (1.67)

= a1(s
1
v )v1 + a2(s

1
v )v2 + . . . + an(s

1
v )vn .

The fractional degree (FDEG) of the polynomial Q(s) is defined as [Gharte-
mani (2008)]

FDEG{Q(s)} = max{v1, v2, . . . , vn}.
The domain of definition for (1.67) is the Riemann surface with v Riemann
sheets where origin is a branch point of order v − 1 and the branch cut is
assumed at R−. The number of roots for the fractional algebraic equation
(1.67) is given by the following proposition [Bayat (2009)]:

Proposition 1.1. Let Q(s) be a fractional order polynomial with
FDEG{Q(s)} = n. Then the equation Q(s)=0 has exactly n roots on
the Riemann surface.

Definition 1.1. The fractional order polynomial
Q(s) = a1s

n
v + a2s

n−1
v + . . . + ans

1
v + an+1

is minimal if FDEG{Q(s)} = n. We will assume that all fractional order
polynomials are minimal.

This ensures that there is no redundancy in the number of the Riemann
sheets [Ghartemani (2008)].

On the other hand, it has been shown, by several authors and by us-
ing several methods, that for the case of FOLTI system of commensurate
order, a geometrical method of complex analysis based on the argument
principle of the roots of the characteristic equation (a polynomial in this
particular case) can be used for the stability check in the BIBO sense (see
e.g. [Matignon (1998)], [Petráš (1999a)]). The stability condition can then
be stated as follows [Matignon (1996b, 1998)], [Vinagre (2007)]:

Theorem 1.1. [Matignon (1996b)] A commensurate order system de-
scribed by a rational transfer function (1.50) is stable if only if

|arg (λi)| > α
π

2
, for all i

with λi the i-th root of P (sα).
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In the case of the FOLTI system with commensurate order where the
system poles are in general complex conjugate, the stability condition can
also be expressed as follows [Matignon (1996b, 1998)]:

Theorem 1.2. [Matignon (1998)] A commensurate order system described
by a rational transfer function

G(w) =
Q(w)
P (w)

,

where w = sq, q ∈ R+, (0 < q < 2), is stable if only if

|arg (wi)| > q
π

2
,

with ∀wi ∈ C the i-th root of P (w) = 0.

When w = 0 is a single root (singularity at the origin) of P , the system
cannot be stable. For q = 1, this is the classical theorem of pole location
in the complex plane: it has no pole in the closed right half plane of the
first Riemann sheet. The stability region suggested by this theorem tends
to the whole s-plane when q tends to 0, corresponds to the Routh-Hurwitz
stability when q = 1, and tends to the negative real axis when q tends to 2.

Theorem 1.3. It has been shown that the commensurate system (1.60) is
stable if the following condition is satisfied (also if the triplet A, B, C is
minimal) [Aoun (2004); Matignon (1998); Tavazoei (2007a,b, 2008b)]:

|arg(eig(A))| > q
π

2
, (1.68)

where 0 < q < 2 and eig(A) represents the eigenvalues of matrix A.

Proposition 1.2. We can assume, that some incommensurate order systems
described by the FODE (1.58) or (1.60), can be decomposed to the following
modal form of the fractional transfer function (so called Laguerre functions
[Aoun (2007)]):

F (s) =
N∑

i=1

nk∑
k=1

Ai,k

(sqi + λi)k
(1.69)

for some complex numbers Ai,k, λi, and positive integer nk.
A system (1.69) is BIBO stable if and only if qi and the argument of λi

denoted by arg(λi) in (1.69) satisfy the inequalities

0 < qi < 2 and |arg (λi)| < π
(
1 − qi

2

)
for all i. (1.70)
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Henceforth, we will restrict the parameters qi to the interval qi ∈ (0, 2).
In the case qi = 1 for all i we obtain a classical stability condition for the
integer order system (no pole is in the right half plane). The inequali-
ties (1.70) were obtained by applying the stability results given in [Akcay
(2008)], [Matignon (1998)].

Theorem 1.4. [Deng (2007c)] Consider the following autonomous system
for internal stability definition:

0D
q
t x(t) = Ax(t), x(0) = x0, (1.71)

with q = [q1, q2, . . . , qn]T and its n-dimensional representation:

0D
q1
t x1(t) = a11x1(t) + a12x2(t) + · · · + a1nxn(t)

0D
q2
t x2(t) = a21x1(t) + a22x2(t) + · · · + a2nxn(t)

. . .

0D
qn
t xn(t) = an1x1(t) + an2x2(t) + · · · + annxn(t) (1.72)

where all qi’s are rational numbers between 0 and 2. Assume m be the
LCM of the denominators ui’s of qi’s , where qi = vi/ui, vi, ui ∈ Z+ for
i = 1, 2, . . . , n and we set γ = 1/m. Define:

det


λmq1 − a11 −a12 . . . −a1n

−a21 λmq2 − a22 . . . −a2n

. . .

−an1 −an2 . . . λmqn − ann

 = 0. (1.73)

The characteristic equation (1.73) can be transformed to an integer order
polynomial equation if all qi’s are rational numbers. Then the zero solution
of system (1.72) is globally asymptotically stable if all roots λi’s of the
characteristic (polynomial) equation (1.73) satisfy

|arg(λi)| > γ
π

2
for all i.

Denote λ by sγ in equation (1.73), we get the characteristic equation in the
form det(sγI − A) = 0.

Corollary 1.1. Suppose q1 = q2 = . . . , qn ≡ q, q ∈ (0, 2), all eigenvalues λ

of matrix A in (1.62) satisfy |arg(λ)| > qπ/2, the characteristic equation
becomes det(sqI − A) = 0 and all characteristic roots of the system (1.60)
have negative real parts [Deng (2007c)]. This result is Theorem 1 of paper
[Matignon (1996b)].
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Remark 1.1. Generally, when we assume s = |r|eiφ, where |r| is modulus
and φ is argument of complex number in s-plane, respectively, transforma-
tion w = s

1
m to complex w-plane can be viewed as s = |r| 1

m e
iφ
m and thus

|arg(s)| = m.|arg(w)| and |s| = |w|m. Proof of this statement is obvious.

Stability analysis criteria for a general FOLTI system can be sum-
marized as follow:
The characteristic equation of a general LTI fractional order system of the
form:

ansαn + . . . + a1s
α1 + a0s

α0 ≡
n∑

i=0

ais
αi = 0 (1.74)

may be rewritten as
n∑

i=0

ais
ui
vi = 0

and transformed into w-plane
n∑

i=0

aiw
i = 0, (1.75)

with w = s
k
m , where m is the LCM of vi. The procedure of stability analysis

is (see e.g. [Radwan (2009)]):

(1) For given ai calculate the roots of equation (1.75) and find the absolute
phase of all roots |φw|.

(2) Roots in the primary sheet of the w-plane which have corresponding
roots in the s-plane can be obtained by finding all roots which lie in
the region |φw| < π

m then applying the inverse transformation s = wm

(see Remark 1.1.1). The region where |φw| > π
m

is not physical. To
test the roots in the desired region the matrix approach (1.76) can be
used.

A1 =
[

A cos δ −A sin δ

A sin δ A cos δ

]
≡ A ⊗

[
cos δ − sin δ

sin δ cos δ

]
(1.76)

In fact a simple test can be used [Anderson (1974)]. Roots of polynomial
P (s) = det(sI − A) lie inside in region −π/2 − δ < arg(s) < π/2 + δ

if eigenvalues of the matrix have negative real part, where ⊗ denotes
Kronecker product. This property has been used to stability analysis
of ordinary fractional order LTI systems and also for interval fractional
order LTI systems [Tavazoei (2009)].
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(3) The condition for stability is π
2m

< |φw| < π
m

. The condition for
oscillation is |φw| = π

2m
otherwise the system is unstable. If there is no

root in the physical s-plane, the system will always be stable. [Radwan
(2009)].

Example 1.1. : Let us consider the linear fractional order LTI system
described by the transfer function [Dorčák (1994)], [Podlubny (1999a)]:

G(s) =
Y (s)
U(s)

=
1

0.8s2.2 + 0.5s0.9 + 1
, (1.77)

and corresponding FODE has the following form:

0.8 0D
2.2
t y(t) + 0.5 0D

0.9
t y(t) + y(t) = u(t) (1.78)

with zero initial conditions.
The system (1.78) can be rewritten to its state space representation

(x1(t) ≡ y(t)):[
0D

9
10 x1(t)

0D
13
10 x2(t)

]
=
[

0 1
−1/0.8 −0.5/0.8

] [
x1(t)
x2(t)

]
+
[

0
1/0.8

]
u(t)

y(t) =
[
1 0
] [x1(t)

x2(t)

]
(1.79)

The eigenvalues of the matrix A are λ1,2 = −0.3125 ± 1.0735j and then
|arg(λ1,2)| = 1.8541.

The analytical solution of the FODE (1.78) for u(t) = 0 obtained from
general solution (1.54) has form:

y(t) =
1

0.8

∞∑
k=0

(−1)k

k!

(
1

0.8

)k

Ek(t,−0.5
0.8

; 2.2 − 0.9, 2.2 + 0.9k). (1.80)

In Fig. 1.8 the analytical solution of the FODE (1.78) is depicted where
u(t) = 0. As we can see in the figure, the solution is stable because
limt→∞y(t) = 0. Let us investigate stability according to the previously
described method. The corresponding characteristic equation of system is:

P (s) : 0.8s2.2 + 0.5s0.9 + 1 = 0 ⇒ 0.8s
22
10 + 0.5s

9
10 + 1 = 0, (1.81)

when m = 10, w = s
1
10 then the roots wi’s and their appropriate arguments

of polynomial

P (w) : 0.8w22 + 0.5w9 + 1 = 0 (1.82)
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are:
w1,2 = −0.9970± 0.1182j, |arg(w1,2)| = 3.023;
w3,4 = −0.9297± 0.4414j, |arg(w3,4)| = 2.698;
w5,6 = −0.7465± 0.6420j, |arg(w5,6)| = 2.431;
w7,8 = −0.5661± 0.8633j, |arg(w7,8)| = 2.151;
w9,10 = −0.259± 0.9625j, |arg(w9,10)| = 1.834;
w11,12 = −0.0254± 1.0111j, |arg(w11,12)| = 1.595;
w13,14 = 0.3080± 0.9772j, |arg(w11,12)| = 1.265;
w15,16 = 0.5243± 0.8359j, |arg(w15,16)| = 1.010;
w17,18 = 0.7793± 0.6795j, |arg(w17,18)| = 0.717;
w19,20 = 0.9084± 0.3960j, |arg(w19,20)| = 0.411;
w21,22 = 1.0045± 0.1684j, |arg(w21,22)| = 0.1661;

Physical significance roots are in the first Riemann sheet, which is expressed
by relation −π/m < φ < π/m, where φ = arg(w). In this case they are

0 5 10 15 20 25 30 35 40 45 50
−8

−6

−4

−2

0

2

4

6

8

10
x 10

−3

Time (sec)

y(
t)

Fig. 1.8 Analytical solution of the FODE (1.78) where u(t) = 0 for 50 s with zero initial
conditions.
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complex conjugate roots w21,22 = 1.0045±0.1684j (|arg(w21,22)| = 0.1661),
which satisfy conditions |arg(w21,22)| > π/2m = π/20. It means that the
system (1.78) is stable (see Fig. 1.9). Other roots of the polynomial equa-
tion (1.82) lie in region |φ| > π

m which is not physical (outside of the closed
angular sector limited by the thick line in Fig. 1.9(b)).

In Fig. 1.9(a) the Riemann surface of the function w = s
1
10 is depicted

with the 10-Riemann sheets and in Fig. 1.9(b) the roots in complex w-plane
are depicted with the angular sector corresponding to the stability region
(dashed line) and the first Riemann sheet (thick line).

The interesting notion of Remark 1.1 should be mentioned here. The
characteristic equation (1.81) has the following poles:

s1,2 = −0.10841± 1.19699j,

in the first Riemann sheet in s-plane, which can be obtained e.g. via the
Matlab routine as for instance:

>>s=solve(’0.8*s^2.2+0.5*s^0.9+1=0’,’s’)

When we compare |arg(w21,22)| = 0.1661 and |arg(s1,2)| = 1.661, we
can see that |arg(s1,2)| = m|arg(w21,22)|, where m = 10 in transformation
w = s

1
m . The first Riemann sheet is transformed from s-plane to w-plane

as follows: −π/10 < arg(w) < π/10 and in order to −π < 10 arg(w) < π.
Therefore from this consideration we then obtain |arg(s)| = 10 |arg(w)|.

Example 1.2. : Let us examine an interesting example of application,
the so called Bessel function of the first kind, whose transfer function is
[Matignon (1998)]:

H(s) =
1√

s2 + 1
∀s, �(s) > 0. (1.83)

We have two branch points s1 = i, and s2 = −i and two cuts. One along the
half line (−∞+i, i) and another one along the half line (−∞−i,−i). In this
doubly cut complex plane, we have the identity

√
s2 + 1 =

√
s − i

√
s + i.

The well known asymptotic expansion of equation (1.83) is:

h(t) ≈
√

2
πt

cos(t − π

4
) =

√
2
π

t−
1
2 E2,1

(
−(t − π

4
)2
)

.

According to the branch points and above asymptotic expansion we can
state, that the system described by the Bessel function (1.83) is on the
boundary of stability and has an oscillation behaviour.
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Fig. 1.9 Riemann surface of function w = s
1
10 and roots of equation (1.82) in complex

w-plane.

Example 1.3. : Consider the closed loop system with the controlled sys-
tem (electrical heater)

G(s) =
1

39.96s1.25 + 0.598
(1.84)
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and PD controller

C(s) = 64.47 + 12.46s (1.85)

The resulting closed loop transfer function Gc(s) becomes [Petráš (2005b)]:

Gc(s) =
Y (s)
W (s)

=
12.46s + 64.47

39.69s1.25 + 12.46s + 65.068
(1.86)

The analytical solution (impulse response) of the fractional order control
system (1.86) is:

y(t) =
12.46
39.69

∞∑
k=0

(−1)k

k!

(
12.46
39.69

)k

× Ek(t,−65.068
39.69

; 1.25, 0.25− k)

+
64.47
39.69

∞∑
k=0

(−1)k

k!

(
65.068
39.69

)k

× Ek(t,−12.46
39.69

; 1.25 − 1, 1.25 + k)

(1.87)

with zero initial conditions.
The characteristic equation of this system is

39.69s1.25+12.46s+65.068 = 0 ⇒ 39.69s
5
4 +12.46s

4
4 +65.068 = 0 (1.88)

Using the notation w = s
1
m , where LCM is m = 4, we obtain a polynomial

of the complex variable w in form

39.69w5 + 12.46w4 + 65.068 = 0. (1.89)

Solving the polynomial (1.89) we get the following roots and their argu-
ments:

w1 = −1.17474, |arg(w1)| = π

w2,3 = −0.40540± 1.0426j, |arg(w2,3)| = 1.9416

w4,5 = 0.83580± 0.64536j, |arg(w4,5)| = 0.6575

This first Riemann sheet is defined as a sector in the w-plane within interval
−π/4 < arg(w) < π/4. Complex conjugate roots w4,5 lie in this interval
and it satisfies the stability condition given as |arg(w)| > π

8
, therefore the

system is stable. The region where |arg(w)| > π
4 is not physical.
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1.10 Stability of Fractional Nonlinear Systems

As it has been mentioned in [Matignon (1996b)], exponential stability can-
not be used to characterize the asymptotic stability of fractional order sys-
tems. A new definition was introduced [Oustaloup (2008)].

Definition 1.2. Trajectory x(t) = 0 of the system (1.64) is t−q asymptot-
ically stable if there is a positive real q such that:

∀||x(t)|| with t ≤ t0, ∃N(x(t)), such that ∀t ≥ t0, ||x(t)|| ≤ Nt−q.

The fact that the components of x(t) slowly decay towards 0 following t−q

leads to fractional systems sometimes being called long memory systems.
Power law stability t−q is a special case of the Mittag-Leffler stability [Li
(2008)].

According to stability theorem defined in [Tavazoei (2009)], the equilib-
rium points are asymptotically stable for q1 = q2 = · · · = qn ≡ q if all the
eigenvalues λi, (i = 1, 2, . . . , n) of the Jacobian matrix J = ∂f/∂x, where
f = [f1, f2, . . . , fn]T , evaluated at the equilibrium, satisfy the condition
[Tavazoei (2007b)], [Tavazoei (2007a)]:

|arg(eig(J))| = |arg(λi)| > q
π

2
, i = 1, 2, . . . , n. (1.90)

Fig. 1.10 shows stable and unstable regions of the complex plane for such
case.

Now, consider the incommensurate fractional order system q1 �= q2 �=
· · · �= qn and suppose that m is the LCM of the denominators ui’s of qi’s,
where qi = vi/ui, vi, ui ∈ Z+ for i = 1, 2, . . . , n and we set γ = 1/m.
System (3.2) is asymptotically stable if:

|arg(λ)| > γ
π

2
for all roots λ of the following equation

det(diag([λmq1 λmq2 . . . λmqn ]) − J) = 0. (1.91)

A necessary stability condition for fractional order systems (3.2) to re-
main chaotic is keeping at least one eigenvalue λ in the unstable region
[Tavazoei (2007b)]. The number of saddle points and eigenvalues for one-
scroll, double-scroll and multi-scroll attractors was exactly described in
work [Tavazoei (2008b)]. Assume that a 3D chaotic system has only three
equilibria. Therefore, if system has double-scroll attractor, it has two sad-
dle points surrounded by scrolls and one additional saddle point. Suppose
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(a) 0 < q < 1 (b) 1 < q < 2

Fig. 1.10 Stability regions of the fractional order system.

that the unstable eigenvalues of scroll saddle points are: λ1,2 = α1,2±jβ1,2.
The necessary condition to exhibit double-scroll attractor of system (3.2)
is the eigenvalues λ1,2 remaining in the unstable region [Tavazoei (2008b)].
The condition for commensurate derivatives order is

q >
2
π

atan
( |βi|

αi

)
, i = 1, 2. (1.92)

This condition can be used to determine the minimum order for which
a nonlinear system can generate chaos [Tavazoei (2007b)]. In other words,
when the instability measure π/2m−min(|arg(λ)|) is negative, the system
can not be chaotic.

Example 1.4. : Let us investigate the Chen system with a double scroll
attractor. The fractional order form of such a system can be described as
[Tavazoei (2008a)]

0D
0.8
t x1(t) = 35[x2(t) − x1(t)]

0D
1.0
t x2(t) = −7x1(t) − x1(t)x3(t) + 28x2(t)

0D
0.9
t x3(t) = x1(t)x2(t) − 3x3(t) (1.93)
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The system has three equilibria at (0, 0, 0), (7.94, 7.94, 21), and (−7.94,

−7.94, 21). The Jacobian matrix of the system evaluated at (x∗
1, x

∗
2, x

∗
3) is:

J =

 −35 35 0
−7 − x∗

3 28 −x∗
1

x∗
2 x∗

1 −3

 . (1.94)

The two last equilibrium points are saddle points and surrounded by
a chaotic double scroll attractor. For these two points, equation (1.91)
becomes as follows:

λ27 + 35λ19 + 3λ18 − 28λ17 + 105λ10 − 21λ8 + 4410 = 0 (1.95)

The characteristic equation (1.95) has unstable roots λ1,2 = 1.2928 ±
0.2032j, |arg(λ1,2)| = 0.1560 and therefore the system (1.93) satisfies the
necessary condition to exhibit a double scroll attractor. The instability
measure is 0.0012.

Numerical simulation of the system (1.93) for initial conditions
(−9,−5, 14) is depicted in Fig. 1.11.

−20

−10

0

10

20
−20

−10
0

10
20

30

0

5

10

15

20

25

30

35

40

x
2
(t)

x
1
(t)

x 3(t
)

Fig. 1.11 Double scroll attractor of Chen’s system (1.93) projected into 3D state space
for 30 sec.
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Chapter 2

Fractional Order PID Controller and
their Stability Regions Definition

A new procedure that makes it possible to define the parame-
ters of fractional order PIλDµ controller, designed to stabilize
a first-order plant with delay-time, is proposed in this chapter.
The complete set of the stabilizing PIλDµ parameters is deter-
mined using a version of the Hermite-Biehler theorem applicable
to quasipolynomials. The widespread industrial use of PID con-
trollers and the potentiality of their non integer order represen-
tation justifies a timely interest in PIλDµ tuning techniques.

2.1 Introduction

Due to the absence of appropriate mathematical methods, fractional-order
dynamical systems have only been studied marginally in the theory and
practice of control systems. Some successful attempts have been under-
taken but generally the study in the time domain has been almost avoided.
However, in the last years a renewed interest has been devoted to fractional
order systems in the area of automatic control.

It is possible to apply non integer order systems for control purposes as
in [Oustaloup (1995)], [Podlubny (1999a)], [Podlubny (1999b)] and [Arena
(2000)], and in robotic [Machado (2008)], while different practical controller
implementations have been suggested in [Bohannan (2006)] and [Podlubny
(2002a)].

The three CRONE control generations, CRONE being the French
acronym of “Commande Robuste d’Ordre Non Entier” which means Ro-
bust Control of non integer order, represent the first framework for non
integer order systems application in the automatic control area [Oustaloup
(1995)], [Oustaloup (1993a)], [Oustaloup (1993b)] and [Oustaloup (1993c)].

33
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Much interest is equally devoted to PIλDµ parameters tuning, see
for example [Vinagre (2006a)], [Valerio (2006)], [Vinagre (2006b)] and
[Caponetto (2004)].

PIλDµ has been introduced in [Podlubny (1999a)] and in the same
paper a better response of this type of controller was demonstrated, in
comparison with the classical PID, when used for the control of fractional
order systems. A frequency domain approach by using PIλDµ controllers
is also studied in [Vinagre (2006b)].

The authors in [Caponetto (2006)] and [Caponetto (2008a)] proposed
an analog implementation of the non integer order integrator based on
Field Programmable Analog Arrays, (FPAAs), able to implement PIλDµ

controller.
All over the world a lot of control systems are operated by industrial

PID controllers. Thanks to the widespread industrial use of PID controllers,
even a small improvement in PID features, achieved by using PIλDµ, could
have a relevant impact.

During the last decades, numerous methods have been developed for
the setting of the parameters of P, PI, and PID controllers. Some of these
methods are based on characterizing the dynamic response of the plant to be
controlled by using a first-order model with time delay. It is interesting to
note that even though most of these tuning techniques provide satisfactory
results, the set of all stabilizing PID controllers for these first-order models
with time delay remains unknown.

In an earlier work, [Bhattacharyya (2000)], a generalization of the
Hermite-Biehler theorem was derived and was then used to compute the
set of all stabilizing PID controllers for a given linear, time invariant plant,
described by a rational transfer function. The approach developed in [Bhat-
tacharyya (2000)] constitutes the first attempt to find a characterization
of all stabilizing PID controllers for a given plant. However, the synthe-
sis results presented in that reference cannot be applied directly to plants
containing time delays since these were obtained for plants described by
rational transfer functions.

Plants with time delays give rise to characteristic equations containing
quasipolynomials.

In a successive work [Bhattacharyya (2002)] the problem of character-
izing the set of classical PID controller parameters that stabilizes a given
first-order plant with time delay was handled. In this paper a version of
the Hermite-Biehler theorem applicable to quasipolynomials has been pre-



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

Fractional Order PID Controller and their Stability Regions Definition 35

sented deriving results from the Pontryagin theory given in [Pontryagin
(1995)] and [Karmarkar (1970)].

The aim of this paper is to extend the results given in [Bhattacharyya
(2002)] to Fractional Order Systems (FOS) by providing a complete solution
to the problem of characterizing the set of the gains of the non integer order
PIλDµ controller, fixing previously the fractional orders of the integrative
(λ) and derivative (µ) actions, that make the closed-loop system stable.

2.2 Problem Characterization

Systems with step responses like the one shown in Fig. 2.1 are commonly
modelled as first order processes with a time delay, and can be mathemat-
ically described by

G(s) =
k

1 + Ts
e−Ls (2.1)

where k represents the steady-state gain of the plant, L represents the time
delay, and T represents the time constant of the plant.

The feedback control system shown in Fig. 2.2 is now considered where
u is the command signal, y is the plant output, G(s), given by (2.1), is the
plant to be controlled, and C(s) is the control system.

In [Bhattacharyya (2002)] the problem of stabilizing a first order plant
with time delay, C(s) being a PID controller, was addressed. The range
of admissible proportional gains is determined in a closed form for both
open-loop stable and unstable plants. For each proportional gain in this

Fig. 2.1 Open-loop step response.
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Fig. 2.2 Feedback control system.

range the stabilizing set in the space of the integral and derivative gains
proves to be either a trapezoid, a triangle or a quadrilateral.

This chapter focuses on the case when the controller C(s) is a fractional
order PIλDµ controller, i.e.:

C(s) = Kp +
Ki

sλ
+ Kds

µ (2.2)

The aim is to determine the set of controller parameters (Kp, Ki, Kd) for
which the closed-loop system is stable [Caponetto (2008c)].

2.3 Theory for Analyzing Systems with Time Delays

Many problems in process control engineering involve time delays. These
time delays lead to dynamic models with characteristic equations of the
form

δ(s) = d(s) + e−sT1n1(s) + e−sT2n2(s) + . . . + e−sTmnm(s) (2.3)

where d(s), ni(s) for i = 1, 2, . . . , m are polynomials with real coefficients.
Characteristic equations of this form, in the variables s and es, are

called quasipolynomials and are used to study the stability of the closed
loop system when the plant is characterized by a time delay.

It is more effective to study the closed loop stability analyzing directly
the quasipolynomial that describes the characteristic equation rather than
considering the Padé approximation in order to obtain a rational transfer
function.

In [Gantmacher (1959)] and [Bhattacharyya (1995)] the Hermite-Biehler
theorem for Hurwitz polynomials was shown not to carry over to arbitrary
functions of the complex variable s. In order to overcome this problem in
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[Pontryagin (1995)] Pontryagin studied functions of the form P (s, es) as
that in (2.3).

Successively in [Bhattacharyya (1995)] and [Bellman (1963)], based on
Pontryagin’s results, an extension of the Hermite-Biehler theorem was de-
veloped to study the stability of a certain class of quasipolynomials.

In particular, this class is characterized by the following assumptions:

A1) deg[d(s)] = n and deg[ni(s)] ≤ n for i = 1, 2, . . . , m

A2) 0 < T1 < T2 < . . . < Tm

The previous assumptions allow one to define a quasipolynomial with
a non-zero principal term, i.e, the coefficient of the term containing the
highest powers of s and es is different to zero.

In fact the quasipolynomials with no principal term are characterized
by an infinite number of roots with positive real parts that make the closed
loop system unstable. Quasipolynomials with principal term different from
zero could be stable or unstable but with a finite number of positive roots
[Pontryagin (1995)].

In the following, the study of the roots of quasipolynomials with the
principal term different from zero will make it possible to determine the
stability parameters region of the closed loop system, as that of Fig. 2.2,
characterized by the non fractional controller given in equation (2.2).

From equation (2.3), since esTm has not any finite zeros, the zeros of
δ(s) are identical to those of δ∗(s) and the quasipolynomial assumes the
following form:

δ∗(s) = esTmδ(s) (2.4)

= esTmd(s) + es(Tm−T1)n1(s) + es(Tm−T2)n2(s) + . . . + nm(s)

The stability of the system having the characteristic equation (2.3) is
therefore equivalent to the condition that all the zeros of δ∗(s) lie in the
open left half-plane [Kharitonov (1994)].

The following theorem gives necessary and sufficient conditions for the
stability of δ∗(s), see [Bellman (1963)].

2.3.1 Hermite-Biehler Theorem

Let δ∗(s) given by (2.4) in the form:

δ∗(jω) = δ∗r (ω) + jδ∗i (ω) (2.5)

where δ∗r (ω) and δ∗i (ω) represent respectively the real and imaginary parts
of δ∗(jω). Under assumptions A1 and A2, δ∗(jω) is stable if and only if:
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(1) δ∗r (ω) and δ∗i (ω) have only simple real roots and these are interlaced;
(2) δ′∗i (ω)δ∗r (ω) − δ∗i (ω)δ′∗r(ω) > 0, for some ω = ω in (−∞, +∞),

where δ′∗r(ω) and δ′∗i (ω) denote the derivative with respect to ω of δ∗r (ω)
and δ∗i (ω), respectively.

The second condition is the analytic formulation of the assumption that
the vector δ∗(jω), as ω varies from −∞ to +∞, continuously rotates in the
positive direction with positive velocity.

A crucial step in applying the above theorem is to ensure that δ∗r (ω)
and δ∗i (ω) have only real roots. Such a property can be ensured by using
the following result, also due to Pontryagin [Bellman (1963)].

2.3.2 Pontryagin Theorem

Let M and Ndenote the highest powers of s and es respectively in δ∗(s).
Let η be an appropriate constant such that the coefficients of terms of
highest degree in δ∗r (ω) and δ∗i (ω) do not vanish at ω = η. Then in order to
the equations δ∗r (ω) = 0 and δ∗i (ω) = 0 have only real roots, it is necessary
and sufficient that in the intervals

−2lπ + η ≤ ω ≤ 2lπ + η l = 1, 2, 3, . . . (2.6)

δ∗r (ω) and δ∗i (ω) have exactly 4lN + M roots, starting with a sufficiently
large l.

In the case of the characteristic equation with fractional order, i.e.,
M and N are non-integer numbers, δ∗r (ω) and δ∗i (ω) must have exactly
4l([N ] + 1) + [M ] + 1 roots, where [...] means the integer part.

2.4 Stability Regions with PIλDµ Controller

The closed-loop characteristic equation of the system in Fig. 2.2 with C(s)
given in (2.2) is:

δ(s) = (kKi + kKps
λ + kKds

λ+µ)e−Ls + (1 + Ts)sλ (2.7)

Theorems 2.3.1 and 2.3.2 are now applied to solve the stability problem
and find the set of all stabilizing PIλDµ controllers.

Let us start by rewriting the quasipolynomial δ(s) as

δ∗(s) = kKi + kKps
λ + kKds

λ+µ + (1 + Ts)sλeLs = n(s) + d(s)eLs

(2.8)



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

Fractional Order PID Controller and their Stability Regions Definition 39

where deg[d(s)] = λ + 1 and deg[n(s)] = λ + µ. In order to verify (A1) and
(A2), the condition λ + µ ≤ λ + 1, that implies µ ≤ 1, and the condition
L > 0, must be verified.

Given λ = a/b and µ = c/b, the previous condition implies c ≤ b and
the equation (2.8) can be rewritten as:

δ∗(s) = sa/b

[
kKds

c/b + kKp + (1 + Ts)eLs

]
+ kKi (2.9)

With the change of variable z = Ls, the quasipolynomial assumes the
form:

δ∗(z) =
( z

L

)a/b
[
kKd

( z

L

)c/b

+ kKp + (1 +
T

L
z)ez

]
+ kKi (2.10)

Then for z = jω, δ∗(jω) becomes:

δ∗(jω) =
( jω

L

) a+c
b

kKd +
( jω

L

) a
b

kKp +
( jω

L

) a
b

(1 + jω
T

L
)ejω + kKi

(2.11)

that is:

δ∗(jω) =
( jω

L

) a+c
b

kKd +
( jω

L

) a
b

kKp +
( jω

L

)a
b

∗
(

cosω − T

L
ω sinω + j sin ω + j

T

L
ω cosω

)
+ kKi (2.12)

being ejω = cosω + j sin ω.
The real and imaginary part δ∗r (ω) and δ∗i (ω) are:

δ∗r (ω) = kKi + kKd

∣∣∣Re
{(

j
) a+c

b

}∣∣∣∣∣ω∣∣a+c
b

(
1
L

)a+c
b

+
(
kKp + cosω − T

L
ω sin ω

)∣∣∣Re
{(

j
) a

b

}∣∣∣∣∣ω∣∣ ab( 1
L

) a
b

− ( sin ω +
T

L
ω cosω

)∣∣∣Im{(j) a
b

}∣∣∣∣∣ω∣∣ ab( 1
L

) a
b

sign(ω) (2.13)

δ∗i (ω) = kKd

∣∣∣Im{(j) a+c
b

}∣∣∣∣∣ω∣∣a+c
b

(
1
L

) a+c
b

sign(ω)

+
(
kKp + cosω − T

L
ω sin ω

)∣∣∣Im{(j) a
b

}∣∣∣∣∣ω∣∣ ab( 1
L

) a
b

∗ sign(ω) +
(
sin ω +

T

L
ω cosω

)∣∣∣Re
{(

j
) a

b

}∣∣∣∣∣ω∣∣ ab( 1
L

) a
b

(2.14)
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The factor
(
j
) a+c

b as well as
(
j
) a

b have b complex solutions, but the
solution which must be considered in the characteristic equation is the
common one with the smallest positive phase, as will be shown in the next
section.

It is possible to note that, fixing the fractional integrative and deriva-
tive orders, i.e. a, b and c, the real part δ∗r (ω) depends on all the three
parameters Kp, Ki and Kd, while the imaginary part δ∗i (ω) depends on two
parameters Kp and Kd.

As previously stated, according to the Hermite-Biehler theorem it is
possible to use the Pontryagin theorem to ensure that δ∗r (ω) and δ∗i (ω) have
only real roots. Besides, if one part has only real roots and the interlacing
property between the roots of the two parts is verified this implies that
also the other part has only real roots [Bhattacharyya (2002)]. By taking
into account these considerations it is sufficient to apply the Pontryagin
theorem only to one part and it results more convenient to apply it on to
the part that depends on only two parameters, that is, δ∗i (ω).

The successive step is to determine the conditions that make it possible
to verify that the roots of δ∗r (ω) and δ∗i (ω) are interlaced. In order to verify
this property the values of the real part δ∗r (ω) are calculated in the zeros of
the imaginary part δ∗i (ω).

For ω �= 0 the real part δ∗r (ω) can be rewritten as

δ∗r (ω) = k
∣∣∣Re
{(

j
) a

b

}∣∣∣∣∣ω∣∣ ab( 1
L

)a
b

∗
[
Kp + m(ω)Kd + n(ω)Ki + b(ω)

]
(2.15)

where

m(ω) =

∣∣∣Re
{(

j
) a+c

b

}∣∣∣∣∣∣Re
{(

j
) a

b

}∣∣∣
∣∣ω∣∣ cb( 1

L

) c
b

, (2.16)

n(ω) =
1
k

∣∣∣Re
{(

j
) a

b

}∣∣∣−1∣∣ω∣∣− a
b

(
1
L

)− a
b

, (2.17)

and

b(ω) =
1
k

[(
cosω − T

L
ω sin ω

)−
∣∣∣Im{(j)a

b

}∣∣∣∣∣∣Re
{(

j
) a

b

}∣∣∣
(
sin ω +

T

L
ω cosω

)
sign(ω)

]
(2.18)
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Since δ∗i (ω) is a odd function, it always has a root in ω = 0. Thus for
ω = ω0 = 0

δ∗r (ω0) = kKi (2.19)

while for ω = ωj �= 0

δ∗r (ωj) = k
∣∣∣Re
{(

j
) a

b

}∣∣∣∣∣ωj

∣∣ab( 1
L

)a
b

∗
[
Kp + m(ωj)Kd + n(ωj)Ki + b(ωj)

]
(2.20)

Thus, in order to verify the interlace property between the roots of δ∗r (ω)
and δ∗i (ω) one must impose

δ∗r (ω0) ≷ 0 ⇒ Ki ≷ 0 (2.21)

and

(−1)jδ∗r (ωj) ≷ 0 (2.22)

⇒ (−1)jm(ωj)Kd + (−1)jn(ωj)Ki + (−1)jb(ωj) ≷ (−1)j+1Kp

taking into account that the term k
∣∣∣Re
{(

j
)a

b

}∣∣∣∣∣ω∣∣ ab ( 1
L

)a
b

is positive be-
cause k > 0 and L > 0.

These conditions related to the real part define a volume in the space
(Kp, Ki, Kd), as will be shown in the next section.

The last condition of the Hermite-Biehler theorem, δ′∗i (ω)δ∗r (ω) −
δ∗i (ω)δ′∗r(ω) > 0, for some ω = ω in (−∞, +∞), defines another volume
in the space.

By taking into account the intersection of the two volumes, the region
on the space (Kp, Ki, Kd), where the closed loop system is stable, is defined.

2.5 Results

In order to calculate the set of parameters (Kp, Ki, Kd), which ensure the
stability of the closed loop system, three procedures have been developed
in a Matlab Environment.

The first one implements the Pontryagin theorem defining the range of
the values of Kp and Kd which ensure real roots for δ∗i (ω) according to the
value of η (see eq. (2.6)). This procedure allows one to make it possible to
define the value of η in order to obtain the widest range of the parameters
Kp and Kd, otherwise unknown.
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The second procedure defines the set of the values of the parameters
(Kp, Ki, Kd) that verifies the interlace property of the roots of δ∗r (ω) or
δ∗i (ω).

The third procedure defines the volume of parameters (Kp, Ki, Kd) that
fulfil the last condition of the Hermite-Biehler theorem.

In order to explain the three developed procedures firstly the case of
a fractional PD controller is considered. Thus Ki = 0 and a = 0 and, for
example, a derivative action of order equal to µ = 1/3 are selected. Besides
the plant parameters are fixed as k = 1, T = 2 and L = 1.2 for example.
The aim is to obtain the complete range of values of the parameters Kp

and Kd that make the closed loop system stable.
By taking Ki = 0 and a = 0 the characteristic equation (2.12) becomes:

δ∗(jω) =
( jω

L

) c
b

kKd + kKp +
(

cosω − T

L
ω sin ω + j sin ω + j

T

L
ω cosω

)
(2.23)

and the real and imaginary parts become:

δ∗r (ω) = kKd

∣∣∣Re
{(

j
) c

b

}∣∣∣∣∣ω∣∣ cb( 1
L

) c
b

+
(
kKp + cosω − T

L
ω sinω

)
(2.24)

δ∗i (ω) = kKd

∣∣∣Im{(j) c
b

}∣∣∣∣∣ω∣∣ cb( 1
L

) c
b

sign(ω) +
(
sinω +

T

L
ω cosω

)
(2.25)

The factor
(
j
) c

b has b complex solutions, but the solution which must
be considered in the characteristic equation is the common one with the
smallest positive phase. In fact when selecting for example c = 1 and b = 3,(
j
) 1

3 has 3 complex solutions equal to: −j and ±
√

3
2

+j0.5. But a derivative
action µ = 1

3
is also obtained by selecting c = 2 and b = 6, or c = 3 and

b = 9, or c = 4 and b = 12, and so on. In Tab. 2.1 the solutions of
(
j
)0.3 are

shown. The common solution with the smallest positive phase is
√

3
2 + j0.5.

By replacing this value to the real and imaginary part of
(
j
)0.3, δ∗r (ω)

and δ∗i (ω) become:

δ∗r (ω) = kKd

√
3

2

∣∣ω∣∣ 13( 1
L

) 1
3

+ kKp + cosω − T

L
ω sin ω (2.26)

δ∗i (ω) = kKd
1
2

∣∣ω∣∣ 13( 1
L

) 1
3

sign(ω) + sinω +
T

L
ω cosω (2.27)
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Thus δ∗i (ω) only depends on the parameter Kd, while δ∗r (ω) depends on
the two parameters Kp and Kd.

By applying the first algorithm to δ∗i (ω) the range of the values of Kd,
which ensures real roots for δ∗i (ω) according to the value of η, is found and
shown in Fig. 2.3. Thanks to this algorithm it is possible to choose the
value of η that ensures the widest range of Kd, (−3.7 < Kd < 8.1 in this
case).

By fixing, for example, η = 1.1 in Fig. 2.4 it is possible to note that
out of the range −3.7 < Kd < 8.1, δ∗i (ω) has not 5 roots in the interval
−2π + η ≤ ω ≤ 2π + η, neither 4l([N ] + 1) + [M ] + 1 roots in −2lπ + η ≤
ω ≤ 2lπ + η for l = 1, 2, 3, . . ..

Table 2.1 Complex solutions of
(
j
) 1

3

PD1/3 PD2/6 PD3/9 PD4/12

−j ±j −j ±j

±
√

3
2

+ j0.5 ±
√

3
2

+ j0.5 ±
√

3
2

+ j0.5 ±1

±
√

3
2

− j0.5 ±0.9848 − j0.1736 ±
√

3
2

± j0.5

±0.342 + j0.9397 ±0.5 ± j
√

3
2

±0.6428 − j0.766

Fig. 2.3 Kd vs η as computed by applying the first procedure to the PD1/3 controller
(Ki = 0, a = 0, b = 3, c = 1).
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Fig. 2.4 Trend of δ∗i (ω) for different values of Kd for the PD1/3 controller (Ki = 0,
a = 0, b = 3, c = 1).

Then δ∗i (ω) has all real roots in the range −3.7 < Kd < 8.1, according
the Pontryagin theorem.

The successive step is to determine the ranges of the values of Kp and
Kd that fulfil the interlacing condition between the roots of δ∗r (ω) and δ∗i (ω).
In order to verify this property the second developed procedure calculates
the values of the real part δ∗r (ω) in the zeros of the imaginary part δ∗i (ω)
according to the change of the parameters Kp and Kd.

By fixing Ki = 0 and a = 0 in the eqs. (2.15-2.18) for ω �= 0 the real
part δ∗r (ω) can be rewritten as:

δ∗r (ω) = k
[
Kp + m(ω)Kd + b(ω)

]
(2.28)

where

m(ω) =
∣∣∣Re
{(

j
) c

b

}∣∣∣∣∣ω∣∣ cb( 1
L

) c
b

, (2.29)

and

b(ω) =
1
k

[(
cosω − T

L
ω sin ω

)]
(2.30)

Since δ∗i (ω) is an odd function, it always has a root in ω = 0. Thus, for
ω = ω0 = 0

δ∗r (ω0) = kKp + 1 (2.31)
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while for ω = ωj �= 0

δ∗r (ωj) = k
[
Kp + m(ωj)Kd + b(ωj)

]
(2.32)

Thus, in order to verify the interlace property between the roots of δ∗r (ω)
and δ∗i (ω) one must impose

δ∗r (ω0) > 0 ⇒ kKp + 1 > 0 ⇒ Kp > −1
k

(2.33)

and

(−1)jδ∗r (ωj) > 0 (2.34)

⇒ (−1)jm(ωj)Kd + (−1)jn(ωj)Ki + (−1)jb(ωj) > (−1)j+1Kp

taking into account that k = 1.
The conditions δ∗r (ω0) > 0 and (−1)jδ∗r (ωj) > 0 have been selected

rather than δ∗r (ω0) < 0 and (−1)jδ∗r (ωj) < 0 because from the third de-
veloped procedure in order to fulfil the second condition of the Hermite-
Biehler theorem the condition Kp > −1/k is obtained, as it will be shown
successively.

Thus, the range of the values of the parameters Kp and Kd that fulfil
both the conditions of the Hermite-Biehler theorem are shown in Fig. 2.5.

Fig. 2.5 Stability region of the PD1/3 controller (Ki = 0, a = 0, b = 3, c = 1).
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Fig. 2.6 Trend of δ∗r (ω) and δ∗i (ω) for different values of Kd for the PD1/3 controller
(Kp = 0 Ki = 0, a = 0, b = 3, c = 1).

In Fig. 2.6 it is possible to note that by fixing the value of Kp, equal
to 0 for example, out of the range −1.9 < Kd < 3.2 the interlacing condi-
tion between the roots of the real and imaginary part of the characteristic
equation is not fulfilled.

However, the fact that the second condition of the Hermite-Biehler the-
orem for a fractional PD is always verified for Kp > −1/k still needs to be
shown. In fact after that, the derivatives with respect to ω of δ∗r (ω) and
δ∗i (ω) in eqs. (2.24 - 2.25) are calculated:

δ′∗r(ω) = kKd

∣∣∣Re
{(

j
) c

b

}∣∣∣c
b

∣∣ω∣∣ cb−1
(

1
L

) c
b

− sin(ω) − T

L

(
sin ω + ω cosω

)
(2.35)

δ′∗i (ω) = kKd

∣∣∣Im{(j) c
b

}∣∣∣c
b

∣∣ω∣∣ cb −1
(

1
L

) c
b

sign(ω) + cos(ω)

+
T

L

(
cosω − ω sin ω

)
(2.36)

and evaluated at ω = ω = 0:

δ′∗r(0) = 0 and δ′∗i (0) = 1 +
T

L
(2.37)

as well as δ∗r (ω) and δ∗i (ω) are evaluated at ω = 0:

δ∗r (0) = kKp + 1 and δ∗i (0) = 0 (2.38)



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

Fractional Order PID Controller and their Stability Regions Definition 47

Table 2.2 Complex solutions of
(
j
) 2

3

PD2/3 PD4/6 PD6/9 PD8/12

−1 ±1 −1 ±1

0.5 ± j
√

3
2

±0.5 ± j
√

3
2

0.5 ± j
√

3
2

±j

−0.1736 ± j0.9848 ±0.5 ± j
√

3
2

0.9397 ± j0.342 ±
√

3
2

± j0.5

−0.766 ± j0.6428

Table 2.3 Complex solutions of
(
j
) 1

2

PD1/2 PD2/4 PD3/6 PD4/8
√

2
2

+ j
√

2
2

±
√

2
2

± j
√

2
2

√
2

2
+ j

√
2

2
±1

−
√

2
2

− j
√

2
2

−
√

2
2

− j
√

2
2

±j

0.259 − j0.986 ±
√

2
2

± j
√

2
2

−0.259 + j0.986

0.986 − j0.259

−0.986 + j0.259

the second condition of the Hermite-Biehler theorem δ′∗i (ω)δ∗r (ω) −
δ∗i (ω)δ′∗r(ω) > 0 implies Kp > −1/k because T and L are positive.

This last condition is always verified for any fractional PD independently
by the derivation order.

Via the same developed procedures the stability areas of the fractional
PD parameters with fractional order of the derivative action equal to 2/3
and 1/2 are calculated and shown in Fig. 2.7 and Fig. 2.8, taking into

account the solutions of
(
j
)0.6 and

(
j
)0.5, shown in Tab. 2.2 and Tab. 2.3,

respectively.
As previously noted, the common complex solution with the small-

est positive phase is selected in order to be replaced in the characteristic
equation.

In order to test the established stability areas of the PIλDµ parameters
the step response of the closed-loop system in Fig. 2.2 is calculated in the
boundaries of these areas.

In particular, in order to test the calculated stability region of the PD0.3

parameters, shown in Fig. 2.5, the step responses calculated according to
the parameters values corresponding to points near the boundaries, inside
the stability region are presented in Fig. 2.9, while out of this region are
presented in Fig. 2.10.

Similarly, in order to test the established stability region of the PD0.6

and PD0.5 parameters, shown in Fig. 2.7 and Fig. 2.8 respectively, the step
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Fig. 2.7 Stability region of the PD2/3 controller (Ki = 0, a = 0, b = 3, c = 2).

Fig. 2.8 Stability region of the PD1/2 controller (Ki = 0, a = 0, b = 2, c = 1).

responses calculated according to the parameters values corresponding to
points near the boundaries, inside the stability region and out of this region
are presented in Fig. 2.11 and Fig. 2.12 for the PD0.6, while in Fig. 2.13
and Fig. 2.14 for the PD0.5.
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With the results in Figs. 2.9-2.14 it is possible to point out the accuracy
of the established stability regions, obtained by the developed procedure,
previously described, implementing the Pontryagin and Hermite-Biehler
theorems.

Fig. 2.9 Step responses of the closed-loop system where C(s) = Kp + Kds1/3 with (a)
Kp = −0.9, Kd = 2, (b) Kp = 0, Kd = −1.9, (c) Kp = 0, Kd = 3.2, (d) Kp = 3, Kd =
−3.7, (e) Kp = 3, Kd = 0.3, (f) Kp = 4.5, Kd = −2.7.

Fig. 2.10 Step responses of the closed-loop system where C(s) = Kp +Kds1/3 with (a)
Kp = −1.1, Kd = 2, (b) Kp = 0, Kd = −2, (c) Kp = 0, Kd = 3.3, (d) Kp = 3, Kd =
−3.8, (e) Kp = 3, Kd = 0.4, (f) Kp = 4.6, Kd = −2.7.
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Fig. 2.11 Step responses of the closed-loop system where C(s) = Kp +Kds2/3 with (a)
Kp = −0.9, Kd = 1, (b) Kp = 0, Kd = −2.4, (c) Kp = 0, Kd = 2.7, (d) Kp = 2, Kd =
−2.2, (e) Kp = 2, Kd = 1.7, (f) Kp = 3.3, Kd = −0.3.

Fig. 2.12 Step responses of the closed-loop system where C(s) = Kp +Kds2/3 with (a)
Kp = −1.1, Kd = 1, (b) Kp = 0, Kd = −2.5, (c) Kp = 0, Kd = 2.8, (d) Kp = 2, Kd =
−2.3, (e) Kp = 2, Kd = 1.8, (f) Kp = 3.4, Kd = −0.3.
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Fig. 2.13 Step responses of the closed-loop system where C(s) = Kp +Kds1/2 with (a)
Kp = −0.9, Kd = 2, (b) Kp = 0, Kd = −2.2, (c) Kp = 0, Kd = 2.9, (d) Kp = 2, Kd =
−2.8, (e) Kp = 2, Kd = 1.5, (f) Kp = 3.6, Kd = −1.2.

Fig. 2.14 Step responses of the closed-loop system where C(s) = Kp +Kds1/2 with (a)
Kp = −1.1, Kd = 2, (b) Kp = 0, Kd = −2.3, (c) Kp = 0, Kd = 3.1, (d) Kp = 2, Kd =
−2.9, (e) Kp = 2, Kd = 1.6, (f) Kp = 3.7, Kd = −1.2.
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Chapter 3

Fractional Order Chaotic Systems

A brief introduction on the fractional order chaotic systems will
be given in this chapter. In such a system the order of derivatives
in its state-space representation is a fractional one. A survey of
several well-known integer and fractional order chaotic systems
will be presented.

3.1 Introduction

It is well-known that chaos cannot occur in continuous systems of having
a total order less than three. This assertion is based upon the usual concepts
of order, such as the number of states in a system or the total number
of separate differentiations or integrations in the system. The model of
a system can be rearranged in three single differential equations, where the
equations contain the non-integer (fractional) order derivatives. The total
order of the system is changed from 3 to the sum of each particular order. To
put this fact into context, one can consider the fractional-order dynamical
model of the system. In such cases the chaos was exhibited in a system
with a total order less than three. The term “system order” should also
be mentioned. The system order is not equal to the number of differential
equations if one considers the fractional differential equations. The system
order is equal to the highest derivative of the fractional differential equation
of the mathematical model.

Generally, the following incommensurate fractional order nonlinear sys-
tem is considered in the form:

0D
qi

t xi(t) = fi(x1(t), x2(t), . . . , xn(t), t)

xi(0) = ci, i = 1, 2, . . . , n, (3.1)

53
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where ci are initial conditions, or in its their vector representation:

Dqx = f(x), (3.2)

where q = [q1, q2, . . . , qn]T for 0 < qi < 2, (i = 1, 2, . . . , n) and x ∈ Rn.
The equilibrium points of the system (3.2) are calculated via the follow-

ing equation

f(x) = 0 (3.3)

and assuming that x∗ = (x∗
1, x

∗
2, . . . , x

∗
n) is an equilibrium point of system

(3.2).

3.2 Concept of Chua’s System

3.2.1 Classical Chua’s Oscillator

Classical Chua’s oscillator, which is shown in Fig. 3.1, is a simple electronic
circuit that exhibits nonlinear dynamical phenomena such as bifurcation
and chaos. This circuit can be described by the equations [Matsumoto
(1984)]:

dV1(t)
dt

=
1
C1

[G(V2(t) − V1(t)) − f(V1(t))] ,

dV2(t)
dt

=
1
C2

[G(V1(t) − V2(t)) + I(t)] , (3.4)

dI(t)
dt

=
1
L1

[−V2(t) − RLI(t)] ,

where G = 1/R2, I(t) is the current through the inductance L1, V1(t)
and V2(t) are the voltages over the capacitors C1 and C2, respectively, and
f(V1(t)) is the piecewise-linear v−i characteristic of nonlinear resistor (NR)
- Chua’s diode, depicted in Fig. 3.2, which can be described as

INR(t) = f(V1(t)) = GbV1(t)

+
1
2
(Ga − Gb)(|V1(t) + Bp| − |V1(t) − Bp|) (3.5)

with Bp being the breakpoint voltage of a diode, and Ga < 0 and Gb < 0
being some appropriate constants (slope of the piecewise linear resistance).

By defining

x = V1/Bp, y = V2/Bp, z = IL/BpG,

α = C2/C1, β = C2/(L1G
2), γ = C2R/(LG), (3.6)

m1 = Gb/G, m0 = Ga/G, τ = tG/C2
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Fig. 3.1 Practical realization of Chua’s circuit.

Fig. 3.2 Piecewise-linear v − i characteristic of the nonlinear resistor.

one can transform (3.4) into the following corresponding dimensionless form
of Chua’s circuit [Deregel (1993)]:

dx(t)
dt

= α (y(t) − x(t) − f(x)) ,

dy(t)
dt

= x(t) − y(t) + z(t), (3.7)

dz(t)
dt

= −βy(t) − γz(t),

where

f(x) = m1x(t) +
1
2
(m0 − m1) × (|x(t) + 1| − |x(t) − 1|) (3.8)

and τ in transformation equations (3.6) is the dimensionless time.
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3.2.2 Chua-Hartley’s Oscillator

Given the techniques of fractional calculus, there are still a number of ways
in which the order of system could be amended.

The Chua - Hartley’s system is different from the usual Chua’s system
in that the piecewise-linear nonlinearity is replaced by an appropriate cubic
nonlinearity which yields very similar behaviour. Derivatives on the left side
of the differential equations are also replaced by the fractional derivatives
as follows [Hartley (1995)]:

0D
q
t x(t) = α

(
y(t) +

x(t) − 2x3(t)
7

)
,

0D
q
t y(t) = x(t) − y(t) + z(t), (3.9)

0D
q
t z(t) = −βy(t) = −100

7
y(t),

where q ≤ 1, q ∈ R is the fractional order of derivatives.

3.2.3 Chua-Podlubny’s Oscillator

This system uses an approach where the order of any of the three con-
stitutive equations can be changed (3.4) so that the total order gives the
desired value. In Chua-Podlubny’s case, the first differentiation is replaced
by fractional differentiation of order q < 1, q ∈ R in the equation one. The
final dimensionless equations of the system are [Podlubny (1999a)]:

0D
q
t x(t) = α 0D

q−1
t (y(t) − x(t)) − 2α

7
(
4x(t) − x3(t)

)
,

dy(t)
dt

= x(t) − y(t) + z(t), (3.10)

dz(t)
dt

= −100
7

y(t) = −βy(t),

where α = C2/C1 and β = C2R
2
2/L1.

3.2.4 New Fractional-Order Chua’s Oscillator

There are a large number of electric and magnetic phenomena where frac-
tional calculus can be used [Westerlund (2002)]. Here only two of them will
be considered - capacitor and inductance coil behaviours.

The circuit behaviour can be described by three fractional differential
equations with various orders. By applying the Kirchhoff laws for two
current nodes and one voltage loop and relations I(t) = C dαV (t)

dtα , and
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V (t) = LdαI(t)
dtα into the circuit depicted in Fig. 3.1, the following math-

ematical model of the circuit for state variables V1(t), V2(t) and I(t), is
obtained:

C1 0D
q1
t V1(t) + INR(t) =

V2(t) − V1(t)
R2

,

C2 0D
q2
t V2(t) − I(t) =

V1(t) − V2(t)
R2

, (3.11)

L1 0D
q3
t I(t) + V2(t) + RLI(t) = 0.

The equations (3.11) can be rewritten in the following form:

0D
q1
t V1(t) =

1
C1R2

[V2(t) − V1(t)] − f(V1(t))
C1

,

0D
q2
t V2(t) =

1
C2R2

[V1(t) − V2(t)] +
I(t)
C2

, (3.12)

0D
q3
t I(t) =

1
L1

[−V2(t) − RLI(t)],

where V1 is a voltage across the capacitor C1, V2 is a voltage across the
capacitor C2, I is a current through the inductance L1, q1 is a real order
of the capacitor C1, q2 is a real order of the capacitor C2, q3 is a real order
of the inductor L1, f(V1) is a is the piecewise linear v − i characteristic of
nonlinear Chua’s diode, which can be described by (3.5).

By using the transformation (3.6), one can rewrite the equations (3.12)
in the following dimensionless form [Petráš (2008)]:

0D
q1
t x(t) = α (y(t) − x(t) − f(x)) ,

0D
q2
t y(t) = x(t) − y(t) + z(t), (3.13)

0D
q3
t z(t) = −βy(t) − γz(t),

where f(x) is the piecewise-linear nonlinearity (3.8).

3.2.4.1 Experimental Measurements

The classical Chua’s oscillator can be realized by electrical elements accord-
ing to the scheme shown in Fig. 3.1 , which is a simple electronic circuit
[Kennedy (1992)] that exhibits nonlinear dynamical phenomena such as bi-
furcation and chaos. Chua’s diode (3.5) – negative impedance converter –
nonlinear resistor – was realized by operating amplifier LM 358 and resistors
R1, R7 and R8 (R7 = R8).

The following values of electrical elements were chosen for the experi-
mental verification of Chua’s system, depicted in Fig. 3.1 and described by
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equations (3.12) and (3.5):

C1 = 4.71nF, C2 = 48nF, L1 = 4.64mH, (3.14)

RL = 15.8Ω, R1 = 897Ω, R2 = 998Ω, R7 = R8 = 393Ω

The metalized paper capacitors C1 and C2 with the real order q1 = q2 =
0.98 are used and the real order of inductor q3 = 0.94 [Westerlund (2002)]
is assumed. The total order of the system is q̄ = 2.90.

The measured breakpoints of the non-linear characteristic (3.5) are:

−Bp = (−8.79V, 7.7mA), Bp = (9.12V, −7.9mA).

Assuming the three-segment piecewise-linear voltage-current transfer
characteristic having a negative impedance converter (3.5), we obtain the
slope Ga = −1/R1 = −1.1148 mA/V for R7 = R8 and the slope Gb is cal-
culated using the breakpoints Bp and it has the value Gb = −0.8710 mA/V .

The resistors R3, R4, R5, R6, and the diodes D1 and D2 generate the
positive and negative half of the non-linearity.

Fig. 3.3 depicts the photo of the digital oscilloscope screen (Tektronix
TDS1002, 60 Mhz). It is a real measurement of voltages V1 − V2 for the
circuit presented in Fig. 3.1 with the parameters of the electrical compo-
nents (3.14). The result shown in Fig. 3.3 is the double-scroll attractor of
fractional order Chua’s system described by the equations (3.12) and (3.5).

Fig. 3.3 Photo of oscilloscope screen: Strange attractor of the Chua’s system (3.12).
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3.2.4.2 Simulation Results

The relation derived from the Grünwald-Letnikov definition can be used
for the numerical calculation of fractional-order derivation.

The similar and comparable results of Chua’s fractional order system
behaviour can be obtained by numerical simulation for time step h = 0.001,
Lm = 10 (10000 values and coefficients from history).

Fig. 3.4 shows the double-scroll attractor of Chua’s circuit (3.13) com-
puted numerically for initial conditions (x(0), y(0), z(0)) = (0.6, 0.1,−0.6)
and the parts values (3.14).

3.3 Fractional-Order Van der Pol Oscillator

The Van der Pol oscillator (VPO) represents a nonlinear system with an
interesting behaviour that arises naturally in several applications. It has
been used in the study and the design of many models including biological
phenomenas, such as the heartbeat, neurons, acoustic models, radiation of
mobile phones, and as a model of electrical oscillators.
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Fig. 3.4 Strange attractor of the fractional-order Chua’s system (3.13) with total order
q̄ = 2.90 for the parameters: α = 10.1911, β = 10.3035, γ = 0.1631, q1 = q2 = 0.98,
q3 = 0.94, m0 = −1.1126 and m1 = −0.8692.
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The VPO model was used by Van der Pol in 1920 to study oscillations
in vacuum tube circuits. In the standard form, it is given by a nonlinear
differential equation such as:

y′′(t) + ε(y(t)2 − 1)y′(t) + y(t) = 0, (3.15)

where ε is the control parameter.
A modified version of the classical VPO was proposed by the fractional

derivative of order q in a state space formulation of equation (3.15). It has
the following form [Barbosa (2007)]:

0D
q
t y1(t) = y2

dy2

dt
= −y1 − ε(y2

1 − 1)y2 (3.16)

In this section 0 < q < 1 and ε > 0 is taken into consideration. The
resulting fractional-order Van der Pol oscillator (FrVPO) is reduced to
the classical VPO when q = 1. The total system order is changed from
the integer value 2 to the fractional value 1 + q < 2.

Fig. 3.5 depicts the limit cycle in the phase plane of the Van der Pol
fractional-order oscillator (3.16) for simulation time 30 sec. Detailed anal-
ysis of the Van der Pol fractional-order system for various system orders
1 + q have been done in [Barbosa (2007)]. This analysis may be useful for
a better understanding and control of such systems.

3.4 Fractional-Order Duffing’s Oscillator

Duffing’s oscillator, introduced in 1918 by G. Duffing, with negative linear
stiffness, damping and periodic excitation is often written in the form

x′′(t) − x(t) + αx′(t) + x3(t) = δ cos(ωt). (3.17)

The equation (3.17) can be extended to the complex domain in order to
study strange attractors and chaotic bahaviour of forced vibrations of in-
dustrial machinery. Duffing’s periodically forced complex oscillators of the
form

z′′(t) − z(t) + αz′(t) + εz|z2(t)| = γ′ cos(ωt), (3.18)

where γ′ =
√

2γexp(iπ/4), γ, α, ω are positive parameters, z = x + iy is
a complex function. Equation (3.18) can be reduced to the famous Duffing’s
oscillator (3.17) when z = x, (y = 0) and ε = 1. When z = x + iy is
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Fig. 3.5 Phase plane (y1, y2) plot (limit cycle) for FrVPO with fractional-order q = 0.9
and parameter ε = 1. Initial conditions were: ȳ0 = [0,−2].

substituted by equation (3.18), this results in a system of two coupled
nonlinear second-order differential equations [Gao (2005)]:

x′′(t) − x(t) + αx′(t) + εx(t)(x2(t) + y2(t)) = γ cos(ωt),

y′′(t) − y(t) + αy′(t) + εy(t)(x2(t) + y2(t)) = γ cos(ωt). (3.19)

To get Duffing’s fractional-order system, equation (3.17) can be rewrit-
ten as a system of the first-order autonomous differential equations in the
form:

x(t)
dt

= y(t),

y(t)
dt

= x(t) − x3(t) − αy(t) + δ cos(ωt) (3.20)

Here, the conventional derivatives in equations (3.20) are replaced by the
fractional derivatives as follows:

0D
q1
t x(t) = y(t),

0D
q2
t y(t) = x(t) − x3(t) − αy(t) + δ cos(ωt), (3.21)

where q1, q2 are two fractional orders and α, δ, ω are system parameters.
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Fig. 3.6 depicts the chaotic attractor of Duffing’s system (3.20) for the
following parameters α = 0.15, δ = 0.3, ω = 1 with initial conditions
(x(0), y(0)) = (0.21, 0.13) simulation time for 200 sec.

Fig. 3.7 depicts the double scroll attractor of Duffing’s fractional order
system (3.21) for the following parameters α = 0.15, δ = 0.3, ω = 1,
derivative orders q1 = 0.9, q2 = 1.0 with initial conditions (x(0), y(0)) =
(0.21, 0.13) for simulation time 200 sec.

3.5 Fractional-Order Lorenz’s System

Lorenz’s oscillator is a 3-dimensional dynamical system that exhibits
chaotic flow. Lorenz’s attractor was named after Edward N. Lorenz, who
derived it from the simplified equations of convection rolls arising in the
equations of the atmosphere in 1963. For the first time he used the term
“butterfly effect”, which in chaos theory means sensitive dependence on
initial conditions. Lorenz titled a 1979 paper, “Predictability: Does the
Flap of a Butterfly’s Wings in Brazil Set Off a Tornado in Texas?” Small
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Fig. 3.6 Phase plane (x, y) plot for the Duffing’s system (3.20) with parameters α =
0.15, δ = 0.3, ω = 1, and initial conditions (x(0), y(0)) = (0.21, 0.13).
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Fig. 3.7 Phase plane (x, y) plot (attractor) for the fractional order Duffing’s system
(3.21) with parameters α = 0.15, δ = 0.3, ω = 1, derivative orders q1 = 0.9, q2 = 1.0,
and initial conditions (x(0), y(0)) = (0.21, 0.13).

variations of the initial condition of a dynamical system may produce large
variations in the long term behaviour of the system. The phrase refers to
the idea that a butterfly’s wings might create tiny changes in the atmo-
sphere that may ultimately alter the path of a tornado or delay, accelerate
or even prevent the occurrence of a tornado in a certain location. The flap-
ping wing represents a small change in the initial condition of the system,
which causes a chain of events leading to large-scale alterations of events.

Lorenz’s chaotic system is desribed by

dx(t)
dt

= σ(y(t) − x(t)),

dy(t)
dt

= x(t)(ρ − z(t)) − y(t), (3.22)

dz(t)
dt

= x(t)y(t) − βz(t),

where σ is called the Prandtl number and ρ is called the Rayleigh num-
ber. All σ, ρ, β > 0, but usually σ = 10, β = 8/3 and ρ is varied.
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The system exhibits chaotic behaviour for ρ = 28 and displays orbits for
other values.

Lorenz’s fractional-order system is described as (e.g. [Li (2007)]):

0D
q1
t x(t) = σ(y(t) − x(t)),

0D
q2
t y(t) = x(t)(ρ − z(t)) − y(t), (3.23)

0D
q3
t z(t) = x(t)y(t) − βz(t),

where (σ, ρ, β) = (10, 28, 8/3), q1 = q2 = q3 = 0.993, Lorenz’s fractional
order system (3.23) has a chaotic attractor.

Fig. 3.8 and Fig. 3.9 depict the simulation results of the Lorenz sys-
tem (3.23) for the following parameters: σ = 10, ρ = 28, β = 8/3, orders
q1 = q2 = q3 = 0.993 and computational time 100 sec for time step
h = 0.005.
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Fig. 3.8 Simulation result of the Lorenz’s system (3.23) in x − y plane for initial con-
ditions (x(0), y(0), z(0)) = (0.1, 0.1, 0.1).
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Fig. 3.9 Simulation result of the Lorenz’s system (3.23) in x − z plane for initial con-
ditions (x(0), y(0), z(0)) = (0.1, 0.1, 0.1).

3.6 Fractional-Order Genesio-Tesi System

The Genesio-Tesi system is described by
dx(t)

dt
= y(t),

dy(t)
dt

= z(t), (3.24)

dz(t)
dt

= −β1x(t) − β2y(t) − β3z(t) + β4x
2(t),

where β1, β2, β3 and β4 are system parameters.
The Genesio-Tesi fractional-order system is defined as [Guo (2005)]:

0D
q1
t x(t) = y(t),

0D
q2
t y(t) = z(t), (3.25)

0D
q3
t z(t) = −β1x(t) − β2y(t) − β3z(t) + β4x

2(t),

where q ∈ [q1, q2, q3] and 0 < q ≤ 1.
Fig. 3.10 depicts the simulation result of the Genesio-Tesi system (3.25)

for the following parameters: β1 = 6.5, β2 = 2.92, β3 = 1.2, β4 = 1.0,
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Fig. 3.10 Simulation result of the Genesio-Tesi system (3.25) in y − z plane for initial
conditions (x(0), y(0), z(0)) = (−2, 0.5, 2).

orders q1 = 0.9, q2 = 1.0, q3 = 1.0 and computational time 200 sec for
time step h = 0.005.

3.7 Fractional-Order Lu’s System

The so-called Lu’s system is know as a bridge between Lorenz’s system
and the Chen’s system. Its fractional version is described by the following
equations [Deng (2005)]:

0D
q1
t x(t) = a(y(t) − x(t)),

0D
q2
t y(t) = −x(t)z(t) + cy(t), (3.26)

0D
q3
t z(t) = x(t)y(t) − bz(t),

where 0 < q1, q2, q3 ≤ 1, its order denoted by q = (q1, q2, q3) here, and a, b, c

are system parameters.
Fig. 3.11 depicts the projection onto x − y plane for derivative orders

q1 = 0.985, q2 = 0.990, q3 = 0.980 and parameters a = 36, b = 3,
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Fig. 3.11 Projection onto x − y plane of Lu’s fractional-order system (3.26) for pa-
rameters a = 36, b = 3, c = 20 and orders q ∈ (0.985, 0.99, 0.98) for simulation time
60 sec.

c = 20 for simulation time 60 sec, and for the following initial condi-
tions: (x(0), y(0), z(0)) = (0.2, 0.5, 0.1).

3.8 Fractional-Order Rossler’s System

Otto Rossler designed the Rossler’s attractor in 1976, but the originally
theoretical equations were later found to be useful in modeling equilibrium
in chemical reactions. This attractor has only one manifold.

Let’s consider a fractional-order generalization of the Rossler’s system,
where the conventional derivative is replaced by a fractional derivative, as
follows [Li (2004)]:

0D
q
t x(t) = −(y(t) + z(t)),

0D
q
t y(t) = x(t) + ay(t), (3.27)

0D
q
t z(t) = 0.2 + z(t) (x(t) − 10) ,

where system parameter a is allowed to be varied, and q is the fractional
order.



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

68 Fractional Order Systems: Modelling and Control Applications

−20

−10

0

10

20

−20

−10

0

10

20
0

10

20

30

40

50

x(t)y(t)

z(
t)

Fig. 3.12 Simulation result of Rossler’s fractional-order system (3.27) in state space for
parameter a = 0.5 and order q = 0.9 for simulation time 120 sec, for initial conditions
(x(0), y(0), z(0)) = (0.5, 1.5, 0.1).

Fig. 3.12 depicts the phase trajectory for derivative order q = 0.9 and
parameter a = 0.5, for simulation time 120 sec, and for the initial condi-
tions: (x(0), y(0), z(0)) = (0.5, 1.5, 0.1).

3.9 Fractional-Order Newton-Leipnik System

The Newton-Leipnik system is described by the following non-linear differ-
ential equations:

dx(t)
dt

= −ax(t) + y(t) + 10y(t)z(t),

dy(t)
dt

= −x(t) − 0.4y(t) + 5x(t)z(t), (3.28)

dz(t)
dt

= bz(t) − 5x(t)y(t),

where a and b are positive parameters. It is very interesting to note that
the Newton-Leipnik system is a chaotic system with two strange attractors.
When (a, b) = (0.4, 0.175), with initial states (0.349, 0,−0.16) and (0.349,

0,−0.18), system (3.28) displays two strange attractors.
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Here, the Newton-Leipnik fractional order system is considered, and the
standard derivative is replaced by a fractional one as follows [Sheu (2008)]:

0D
q1
t x(t) = −ax(t) + y(t) + 10y(t)z(t),

0D
q2
t y(t) = −x(t) − 0.4y(t) + 5x(t)z(t), (3.29)

0D
q3
t z(t) = bz(t) − 5x(t)y(t),

where 0 < q1, q2, q3 ≤ 1, its order denoted by q = (q1, q2, q3) here, and a, b

are system parameters.
Fig. 3.13 and Fig. 3.14 depict the phase trajectories for derivative orders

q1 = 0.99, q2 = 0.99, q3 = 0.99 and parameters a = 0.8, b = 0.175 for
simulation time 200 sec, and for the initial conditions: (x(0), y(0), z(0)) =
(0.19, 0.0,−0.18).

3.10 Fractional-Order Lotka-Volterra System

The Lotka-Volterra equations, also known as the predator-prey (or parasite-
host) equations, are a pair of first order, non-linear, differential equations
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Fig. 3.13 Projection onto x − y plane of the fractional-order Newton-Leipnik system
(3.29) for parameters a = 0.8, b = 0.175 and orders q ∈ (0.99, 0.99, 0.99) for simulation
time 200 sec.
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Fig. 3.14 Projection onto y − z plane of the fractional-order Newton-Leipnik system
(3.29) for parameters a = 0.8, b = 0.175 and orders q ∈ (0.99, 0.99, 0.99) for simulation
time 200 sec.

frequently used to describe the dynamics of biological systems in which two
species interact, one being a predator and one its prey. They were proposed
independently by Alfred J. Lotka in 1925 and Vito Volterra in 1926.

The classical integer-order model of the Lotka-Volterra system is defined
as

dx

dt
= x(t)(α − βy(t))

dy

dt
= −y(t)(γ − δx(t)),

(3.30)

where y is the number of a predator (for example, wolves); x is the number
of its prey (for example, rabbits); dy/dt and dx/dt represents the growth
of the two populations against time; t represents the time; and α, β, γ and
δ are parameters representing the interaction of the two species.

Population equilibrium occurs in the model when neither of the popula-
tion levels undergo any change, i.e. when both of the differential equations
are equal to 0, we obtain

x(t)(α − βy(t)) = 0
−y(t)(γ − δx(t)) = 0

(3.31)
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When solved for x and y the above system of equations yields (x = 0, y =
0) and (x = λ/δ, y = α/β) hence there are two equilibria. The first solution
effectively represents the extinction of both species. If both populations
are at 0, then they will continue to be so indefinitely. The second solution
represents a fixed point at which both populations sustain their current,
non-zero numbers, and, in the simplified model, do so indefinitely. The
levels of population at which this equilibrium is achieved depends on the
chosen values of the parameters: α, β, γ, δ.

The Lotka-Volterra fractional-order (or fractional-order predator-prey
model) system is described as [Ahmed (2007)]:

0D
q
t x(t) = x(t)(α − rx(t) − βy(t))

0D
q
t y(t) = −y(t)(γ − δx(t)),

(3.32)

where 0 < q ≤ 1, x ≥ 0, y ≥ 0 are prey and predator densities, respectively,
and all constants r, α, β, γ and δ are positive.

Fig. 3.15 and Fig. 3.16 depict the phase trajectories for various derivative
order q = 1.0 and q = 0.8, respectively, for simulation time 60 sec and for
the initial conditions: (x(0), y(0)) = (1, 2).
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Fig. 3.15 Phase plane (x, y) plot (limit cycle) for the Lotka-Volterra system with order
q = 1.0 and parameter a = 2, b = 1, c = 3, d = 1, r = 0.
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Fig. 3.16 Phase plane (x, y) plot (limit cycle) for the Lotka-Volterra with fractional-
order q = 0.9 and parameter a = 2, b = 1, c = 3, d = 1, r = 0.

3.11 Concept of Volta’s System

3.11.1 Integer-Order Volta’s System

The system was discovered by Volta - a student at the Department of
Physics, Genova University in 1984, whilst doing his thesis with the
Prof. Antonio Borsellino and Dr. Francisco Fu Arcardi.

Volta’s system is described by the system of state differential equations
[Hao (1989)]:

ẋ(t) = −x(t) − 5y(t) − z(t)y(t),

ẏ(t) = −y(t) − 85x(t) − x(t)z(t), (3.33)

ż(t) = 0.5z(t) + x(t)y(t) + 1.

Volta’s system (3.33) can be generalised to the following form:

ẋ(t) = −x(t) − ay(t) − z(t)y(t),

ẏ(t) = −y(t) − bx(t) − x(t)z(t), (3.34)

ż(t) = cz(t) + x(t)y(t) + 1.
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Fig. 3.17 Chaotic attractor of Volta’s system (3.33) projected into 3D state space for
initial conditions (x(0), y(0), z(0)) = (8, 2, 1) and Tsim = 20 sec.

3.11.2 Fractional-Order Volta’s System

Now, Volta’s fractional-order system, where integer-order derivatives are
replaced by fractional-order ones, will be considered. The mathematical
description of the fractional-order chaotic system is expressed as [Petráš
(2009a)]:

0D
q1
t x(t) = −x(t) − ay(t) − z(t)y(t),

0D
q2
t y(t) = −y(t) − bx(t) − x(t)z(t), (3.35)

0D
q3
t z(t) = cz(t) + x(t)y(t) + 1,

where q1, q2, and q3 are the derivative orders. The total order of the system
is q̄=(q1, q2, q3).

3.11.2.1 Case I: Commensurate Order

When we assume the same orders of derivatives in state equations (3.35),
i.e. q1 = q2 = q3 ≡ q, we get a commensurate order system. According
to the condition defined in [Tavazoei (2007b)], it is determined that the
commensurate order q of derivatives has to be q > 0.99. It means, that for
system parameters (a, b, c) = (5, 85, 0.5), only for integer order q = 1, chaos
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can be observed. If we would like to go to the fractional (commensurate)
order, we have to change the system parameters, e.g. for system parameters
(a, b, c) = (19, 11, 0.73), chaos can be observed if q > 0.97.

Fig. 3.18 shows the chaotic behaviour for fractional order system (3.35),
where the system parameters are (a, b, c) = (19, 11, 0.73), The commen-
surate order of the derivatives is q = 0.98, the initial conditions are
(x(0), y(0), z(0)) = (8, 2, 1) for simulation time Tsim = 20 sec and
h = 0.0005.

3.11.2.2 Case II: Incommensurate Order

When we assume the different orders of derivatives in state equations (3.35),
i.e. q1 �= q2 �= q3, we get a general incommensurate order system. There is
no exact condition to determine the orders to obtain the chaotic behaviour
of the system. the following orders: q1 = 0.89, q2 = 1.10, and q3 = 0.91
for system parameters (a, b, c) = (5, 85, 0.5) were experimentally found.

Fig. 3.19 shows the chaotic behaviour for the fractional-order chaotic
system (3.35), where the system parameters are (a, b, c) = (5, 85, 0.5), the
incommensurate orders of the derivatives are: q1 = 0.89, q2 = 1.10, and
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Fig. 3.18 Chaotic attractor of Volta’s system (3.35) projected into 3D state space for
initial conditions (x(0), y(0), z(0)) = (8, 2, 1), parameters (a, b, c) = (19, 11, 0.73), orders
(q1, q2, q3) ≡ (q = 0.98) and Tsim = 20 sec.
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Fig. 3.19 Chaotic attractor of Volta’s system (3.35) projected into 3D state space for
initial conditions (x(0), y(0), z(0)) = (8, 2, 1), parameters (a, b, c) = (5, 85, 0.5), orders
(q1, q2, q3) ≡ q̄ ∈ (0.89, 1.10, 0.91) and Tsim = 20 sec.

q3 = 0.91, and the initial conditions are (x(0), y(0), z(0)) = (8, 2, 1) for
the simulation time Tsim = 20 sec and time step h = 0.0005. It can be
envisaged that the behaviour of Volta’s fractional system is chaotic and the
double-scroll attractor [Tavazoei (2007b)] can be observed. The total order
of the system is q̄ = 2.9.
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Chapter 4

Field Programmable Gate Array
Implementation

In this chapter the fundamental operator sm, where m is a real
number, is approximated via the binomial expansion of the back-
ward difference. A hardware implementation of the differintegral
operator is then proposed using the Field Programmable Gate
Array (FPGA). Digital hardware implementation of a fractional-
order differintegral operator requires a careful consideration of
certain issues including system performance, hardware cost, and
hardware speed. FPGA-based implementations are up to one
hundred times faster than implementations based on micro-
processors; this extra speed can be exploited to allow a higher
performance in terms of digital approximations of fractional-order
systems.

4.1 Numerical Fractional Integration

As explained in chapter 1, the Riemann-Liouville integral (see eq. (1.2)) is
not always solvable in a closed form. For this reason, a numerical approxi-
mation is needed in order to allow an automatic evaluation of it. The aim
of this study is to build a suitable numerical algorithm for any non integer
order of integration. Obviously, the starting point is the RL definition, here
rewritten as:

d−mh(t)
dt−m

=
1

Γ(m)

∫ t

0

(t − y)m−1h(y)dy (4.1)

The interval [0, t] is divided into k subintervals, k + 1 being the number of
samples of f(t) which are indicated for simplicity, in the following way:

77



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

78 Fractional Order Systems: Modelling and Control Applications

f0 ≡ f(0)

f1 ≡ f( t
k
)

· · · · · · · · ·
fj ≡ f( jt

k )

· · · · · · · · ·
fk ≡ f(t)

(4.2)

The integral extended to the whole interval [0, t] may be decomposed into
the sum of k integrals:

d−mh(t)
dt−m

=
1

Γ(m)

k−1∑
j=0

∫ jt+t
k

jt
k

(t − y)m−1f(τ)dτ (4.3)

Assuming f is constant inside each subinterval (for example, equal to the
mean value of the two extreme samples), its value can be extracted from
the integral:∫ jt+t

k

jt
k

(t − y)m−1f(τ)dτ ≈
f(jt)

k
+ f((j+1)t)

k

2

∫ jt+t
k

jt
k

(t − y)m−1dτ

=
fj + fj+1

2q

{[
t − jt

k

]m
−
[
t − (j + 1)t

k

]m}
(4.4)

Finally, the following formula is obtained:
d−mf(0)

dt−m = f(0)
d−mf(k)

dt−m = T m

Γ(1+m)

k−1∑
j=0

fj+fj+1

2
[(k − j)m − (k − j − 1)m]

(4.5)

where T is the sample time t/k. It must be noted that the calculation of
every value requires all the preceding samples. In cases when a lot of steps
are necessary, this fact may lead to a long computation time. However, the
weight of the oldest samples is very small and for this reason the sum in
(4.5) can be limited to the most recent ones, as will be demonstrated in
section 4.3.

4.2 Grünwald-Letnikov Fractional Derivatives

This section is dedicated to the description of an approach towards the
unification of two notions, which are usually presented separately in classi-
cal analysis: derivative of integer order n and n−fold integrals. As will be
shown below, these notions are closer to each other than is usually assumed.
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A continuous function y = f(t) will now be considered. According to
the well-known definition, the first-order derivative of the function f(t) is
defined as

f ′(t) =
df

dt
= lim

h→0

f(t) − f(t − h)
h

(4.6)

Applying this definition twice gives the second-order derivative:

f ′′(t) =
d2f

dt2
= lim

h→0

f ′(t) − f ′(t − h)
h

= lim
h→0

1
h

{
f(t) − f(t − h)

h
− f(t − h) − f(t − 2h)

h

}
= lim

h→0

f(t) − 2f(t − h) + f(t − 2h)
h2

(4.7)

Using (4.6) and (4.7) one obtains

f ′′′(t) =
d3f

dt3
= lim

h→0

f(t) − 3f(t − h) + 3f(t − 2h) − f(t − 3h)
h3

(4.8)

and, by induction,

f (n)(t) =
dnf

dtn
= lim

h→0

1
hn

n∑
r=0

(−1)r

(
n

r

)
f(t − rh), (4.9)

where (
n

r

)
=

n(n − 1)(n − 2) . . . (n − r + 1)
r!

(4.10)

is the usual notation for the binomial coefficients.
The following expression generalizing the fractions in (4.6)-(4.10) will

now be considered:

f
(p)
h (t) =

1
hp

N∑
r=0

(−1)r

(
p

r

)
f(t − rh), (4.11)

where p is an arbitrary integer number; n is also integer, as above.
Obviously, for p < n

lim
h→0

f
(p)
h (t) = f (p)(t) =

dp

dtp
(4.12)

because in such a case, as follows from (4.10), all the coefficients in the
numerator after

(
p
p

)
are equal to 0. Negative values of p will now be con-

sidered. For convenience,[
p

r

]
=

p(p + 1) . . . (p + r − 1)
r!

(4.13)
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then one has(−p

r

)
=

−p(−p− 1) . . . (−p − r + 1)
r!

= (−1)r

[
p

r

]
(4.14)

and by replacing p in (4.11) with −p one can write

f
(−p)
h (t) =

1
hp

n∑
r=0

[
p

r

]
f(t − rh), (4.15)

where p is a positive integer number.
If n is fixed, then f

(−p)
h (t) tends to the uninteresting limit 0 as h → 0.

One can take h = t−a
n

, where a is a real constant, and consider the limit
value, either finite or infinite, of f

(−p)
h (t), which will be denoted as

lim
h→0

nh=t−a

f
(−p)
h (t) = D−p

[a,t]f(t) (4.16)

In fact, here D−p
[a,t]f(t) denotes a certain operation performed on the func-

tion f(t); a and t are the terminals - the limits relating to this operation.
Equation (4.16) suggests the following general expression:

D−p
[a,t]f(t) = lim

h→0
nh=t−a

hp
n∑

r=0

[
p

r

]
f(t − rh)

=
1

(p − 1)!

∫ t

a

(t − τ)p−1f(τ)dτ (4.17)

Now let us show that formula (4.17) is a representative of a p-fold inte-
gral. Integrating the relationship

d

dt

(
D−p

[a,t]f(t)
)

=
1

(p − 2)!

∫ t

a

(t − τ)p−2f(τ)dτ = D−p+1
[a,t] f(t) (4.18)

from a to t one obtains:

D−p
[a,t]f(t) =

∫ t

a

(
D−p+1

[a,t] f(t)
)
dt (4.19)

D−p+1
[a,t] f(t) =

∫ t

a

(
D−p+2

[a,t] f(t)
)
dt, etc., (4.20)

and therefore

D−p
[a,t]f(t) =

∫ t

a

dt

∫ t

a

(
D−p+2

[a,t] f(t)
)
dt

=
∫ t

a

dt

∫ t

a

dt
(
D−p+3

[a,t] f(t)
)
dt

=
∫ t

a

dt

∫ t

a

dt . . .

∫ t

a︸ ︷︷ ︸
p times

f(t)dt (4.21)
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One can see that the derivative of an integer order n (4.9) and the p-fold
integral (4.17) of the continuous function f(t) are particular cases of the
general expression

D−p
[a,t]f(t) = lim

h→0
nh=t−a

hp
n∑

r=0

(−1)r

(
p

r

)
f(t − rh) (4.22)

which represents the derivative of order m if p = m and the m-fold integral
if p = −m.

This observation naturally leads to the idea of a generalization of the
notions of differentiation and integration by allowing p in (4.22) to be an
arbitrary real or a complex number. Here, attention will be restricted to
the real values of p.

Thus, one can return to the Grünwald-Letnikov definition

Dα
[a,t]f(t) = lim

h→0

∆α
[a,h]f(t)

hα
, ∆α

[a,h]f(t) =

[
t−a

h

]∑
j=0

(−1)j

(
α

j

)
f(t − jh) (4.23)

where [x] means the integer part of x.
For a wide class of functions, important for applications, both defini-

tions are equivalent. This allows one to use the Riemann-Liouville defini-
tion during problem formulation, and then turn to the Grünwald-Letnikov
definition for obtaining the numerical solution.

Both definitions are equivalent for a wide class of functions which are
important for applications. This allows the use of the Riemann-Liouville
definition during problem formulation, and also makes it possible to use to
the Grünwald-Letnikov definition to obtain the numerical solution.

4.3 The “Short-Memory” Principle

The following approximation, arising from the Grünwald-Letnikov defini-
tion, will be used:

Dα
[a,t]f(t) ≈ ∆α

[a,h]f(t) (4.24)

Computations are performed using approximation (4.24).
For t � a the number of addends in the fractional-derivative approx-

imation (4.24) becomes enormously large. However, it follows from the
expression for the coefficients in the Grünwald-Letnikov definition (4.23)
that for large t the role of the “history” of the behaviour of the function
f(t) near the lower terminal (the “starting point”) t = a can be neglected
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under certain assumptions. These observations lead to the formulation of
the “short-memory” principle, which means taking into account the be-
haviour of f(t) only in the “recent past”, i.e. in the interval [t−L, t], where
L is the “memory length”:

Dα
[a,t]f(t) ≈ Dα

[t−L,t]f(t), (t > a + L) (4.25)

In other words, according to the short-memory principle (4.25), the frac-
tional derivative with the lower limit a is approximated by the fractional
derivative with moving lower limit t − L. Due to this approximation, the
number of addends in approximation (4.24) is always no more than [L/h].

Of course, for this simplification a penalty is paid in the form of some
inaccuracy. If f(t) ≤ M for a ≤ t ≤ b, which usually takes place in
applications, then, the following estimate for the error introduced by the
short-memory principle is calculated as follows:

∆(t) = |Dα
[a,t]f(t) − Dα

[t−L,t]f(t)| ≤ ML−α

|Γ(1 − α)| , (a + L ≤ t ≤ b) (4.26)

This inequality can be used to determine the “memory length” L providing
the required accuracy ε:

∆(t) ≤ ε, (a + L ≤ t ≤ b), if L ≥
( M

ε|Γ(1 − α)|
)1/α

(4.27)

4.4 FPGA Hardware Implementation

4.4.1 FPGA Introduction

Fractional order systems have been studied extensively over the past two
decades, and much progress has been made in the theory and analysis of
these systems. However, little has been done in the area of hardware re-
alization of fractional-order systems. In general, the implementation of
fractional-order systems requires that they are approximated as high order
rational systems. As a result, they are difficult to translate into hardware.
The contribution of this work lies in providing a practical and efficient way
to implement a fractional-order system. The implementation technique ex-
ploits the parallel structure and versatility of Field Programmable Gate
Arrays (FPGAs) in order to yield a high performance and yet a low cost
implementation. This work is the first step towards the development of
a design flow to overcome the existing barrier between software-based sim-
ulations of fractional-order systems and real-time hardware solutions.
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Digital hardware designers have a number of different computational
platform options when implementing digital signal processing functions of
the sort needed to approximate fractional-order systems. Historically, mi-
croprocessors and digital signal processors (DSPs) have dominated low-rate
applications for which it is not crucial to save space and power. However,
recent advances in technology and in the availability of system-level de-
sign tools from vendors have led to a rise in the popularity of using field
programmable gate array (PPGAs) as a computational platform for digital
signal processing applications [Caponetto (2007a)]. Field programmable
gate arrays (FPGAs) are general-purpose integrated circuits that consist
of tens of thousands of programmable logic cells interconnected by wires
and programmable switches. The main advantage of an FPGA over a mi-
croprocessor or a DSP is its versatile, highly parallel structure. Since the
programmable hardware can be tailored to implement the computation at
hand in a maximally parallel way, it can outperform microprocessors and
DSPs, which must run the computation serially on general purpose hard-
ware. When combined with modern FPGA system clock rates in the hun-
dreds of MHz, an FPGA-based implementation can be faster than a DSP
processor by a ratio of 100 to 1. Overall, an FPGA has a computational
power similar to that of an application specific integrated circuit (ASIC).
However, unlike an ASIC, an FPGA is reconfigurable and has a low nonre-
curring engineering cost and a short time-to-market.

Traditionally, implementation of high-order systems demands the use
of floating-point computations. Use of the floating-point is more accurate
and saves time in the early design phase, but makes for slower, more ex-
pensive hardware in production. In recent years, fixed-point operations
have been widely used for hardware implementations in order to save costs
and increase speed. The disadvantage of the fixed-point is that the hard-
ware design requires a lot of careful consideration of the precisions required,
with specific planning for each individual application. Thus, the hardware
designer needs specific training in fixed-point considerations in order to
develop a successful implementation.

4.4.2 Remarks on the Fractional Differintegral Operator

The fractional differintegral operator sα (α ∈ R) is the fundamental build-
ing block of any fractional-order system. To realize the fractional differ-
integral operator, generating function s = ω(z−1) with the z-transform of
backward difference rule ω(z−1) = (1 − z−1)/T is used, where T is the
sampling time.
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From the general binomial series expansion

(1 − x)n =
∞∑

j=0

(−1)j n(n − 1)(n − 2) . . . (n − j + 1)
j!

xj (4.28)

one has

(ω(z−1))α = T−α
∞∑

j=0

(−1)j α(α − 1)(α − 2) . . . (α − j + 1)
j!

xj

= T−α
∞∑

j=0

(−1)j

(
α

j

)
z−j (4.29)

Therefore,

Dα ≡ lim
N→∞

T−α
N∑

j=0

(−1)j

(
α

j

)
z−j (4.30)

where(
α

j

)
=

Γ(α + 1)
Γ(j + 1)Γ(α − j + 1)

and Γ(n) = (n − 1)! (4.31)

It should be noticed that this binomial series is similar to another discrete-
time approximation based on the Grünwald-Letnikov definition, (see eq.
(4.23)). Given by the expression

Dα ≡ lim
N→∞

T−α
N∑

j=0

(−1)j

(
α

j

)
f(t − jT ), (4.32)

it generates the same binomial coefficients bj = (−1)j
(
α
j

)
.

In our algorithm we let

bj = (−1)j

(
α

j

)
=
(

1 − 1 + α

j

)
bj−1 with b0 = 1. (4.33)

The binomial series expansion of the fractional differintegral operator has
an infinite number of terms. The more terms are used in the approximation,
the more accurately it will represents the original operator according to the
“Short-Memory” Principle. From a practical standpoint, determination
of an appropriate order for the approximation must consider a trade-off
between functionality and hardware cost.
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4.4.3 FPGA Implementation of the Fractional

Differintegral Operator

In this section a hardware implementation of the formula (4.32) is explained.
The hardware environment used for this application is the FPGA, which
is able to guarantee high order digital approximation and high digital pro-
cessing speed, as introduced in section 4.4.1.

The hardware block realizing the acquisition and the memorization of
the input data samples is shown in Fig. 4.1.

The State-Machine manages the timing for the acquisition of the input
signals, converted in digital form, and the timing for the memorization of
the input signal samples.

The State-Machine, shown in Fig. 4.2, is characterized by three states.
The State S0 is the reset state where the initialization of the variables is
realized. In the State S1 the read phase is performed during which the
input signal samples are acquired, while in State S2 the computation of
the coefficients represented in eq. (4.33) is realized.

According to the control signals which manage the transitions from
one state to another, the State Machine acquires the data and stores it in
a Memory, shown in Fig. 4.1.

Fig. 4.1 Hardware block realizing the acquisition and the memorization of the input
data samples.



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

86 Fractional Order Systems: Modelling and Control Applications

Fig. 4.2 State-Machine managing the acquisition and the memorization of the input
signal samples.

The dimensions of the memory are defined according to the data coding
and the accuracy, selected according to the “Short-Memory” Principle. In
fact, the length of the memory is defined according to the coding, i.e. the
number of bits used to represent an input data sample. Also, the amount of
data stored in an FIFO memory, which is selected according to the “Short-
Memory” Principle, determines the depth of the memory.

In this implementation the fixed-point coding is used to convert the
analog data into a digital one. The data is converted into a bitstream of
32 bits, of which the first 12 bits are used to represent the integer part of
the samples input data, while the remaining 20 bits are used to define the
fractional value of the samples input data. This coding makes it possible
to define a maximum value of about 2047 and an accuracy of about 10−6.

The blocks that realize the computation of the coefficients in (4.33) are
shown in Fig. 4.3. The data stored in the memory block are calculated
according to the formula (4.33). These coefficients are stored, because of
the recursive form of the formula (4.33).

The top hardware block scheme realizing the Fractional Differintegral
Operator is shown in Fig. 4.4.

The input and output data of the realized FPGA Fractional Integral
Operator have to be digital. In order to obtain this, i.e. the conversion of
the data from an analog to a digital form and viceversa, two procedures in
Matlab Environment have been developed. Thus the input and the output
data, converted into analog form, are shown in Fig. 4.5 and 4.6 for an
Integral Operator of fractional order 0.7 and 0.3, respectively.

The output signal is attenuated by a factor equal to (2πf)m =
(2π10)0.7 = 18.14 and (2πf)m = (2π10)0.3 = 3.46, i.e. an input signal
of amplitude equal to 1 produced an output of 0.055 and 0.29 respectively.
Besides the output signal is also delayed by a phase equal to m ∗ 90◦ = 63◦
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Fig. 4.3 The area CCB1 contains the State-Machine, the memory, and some blocks
used to realize the computation of the coefficients in (4.33).

Fig. 4.4 Top hardware level that realizes the computation of the Fractional Differinte-
gral Operator.

and m ∗ 90◦ = 27◦, equal to 35ms and 15ms, respectively for the Integral
Operator of fractional order 0.7 and 0.3, being the period of the input sig-
nal equal to 100ms = 200 ∗ Ts = 200 ∗ 0.5ms, where 200 is the number of
samples in a period and Ts is the sample time.
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Fig. 4.5 Input and output data of a Fractional Integral Operator of order 0.7.
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Fig. 4.6 Input and output data of a Fractional Integral Operator of order 0.3.

In Fig. 4.7 and 4.8 the bode diagrams of the two Integral Operator of
fractional order 0.7 and 0.3, are shown respectively. In the work frequency
range the fractional order behavioral is well approximated.
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Fig. 4.7 Bode diagrams of a Fractional Integral Operator of order 0.7.
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Fig. 4.8 Bode diagrams of a Fractional Integral Operator of order 0.3.
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Chapter 5

Microprocessor Implementation and
Applications

In this chapter the examples for digital implementation of frac-
tional order controllers (FOC) will be given. A survey of several
implementations and applications based on processor devices is
presented. For illustration we present fractional order integrator,
fractional order PD controller and fractional order ID controller.

5.1 Introduction

It is worth mentioning that, in general, the case of controller realization
is not equivalent to the cases of simulation or numerical evaluation of the
fractional integral and differential operators. In the case of controller im-
plementation it is necessary to take into account some important consider-
ations. First of all, the value of h, the step when dealing with numerical
evaluation, is the value of the sample period T , and it is limited by the
characteristics of the microprocessor-based system, used for the controller
implementation, in two ways: (i) each microprocessor-based system has its
own minimum value for the sample period, and (ii) it is necessary to per-
form all the computations required by the control law between two samples.
Due to this last reason, it is very important to obtain good approximations
with a minimal set of parameters. On the other hand, when the number of
parameters in the approximation increases, it increases the amount of the
required memory and speed too.

The key point in digital implementation of a FOC is the discretization
of the fractional order operators. It is well known that, for interpolation
or evaluation purposes, rational functions are sometimes superior to poly-
nomials, roughly speaking, because of their ability to model functions with
zeros and poles [Vinagre (2000a)].

91
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The simplest and most straightforward method is the direct dis-
cretization using finite memory length expansion from Grünwald–Letnikov
definition. In general, the discretization of fractional-order differentia-
tor/integrator s±r, (r ∈ R) can be expressed by the generating function
s = ω(z−1).

Using the generating function corresponding to the backward fractional
difference rule, ω

(
z−1
)

=
(
1 − z−1

)
, and performing the power series ex-

pansion (PSE) of
(
1 − z−1

)r, the Grünwald–Letnikov formula for the frac-
tional derivative of order r is obtained.

In any case, the resulting transfer function, approximating the
fractional-order operators, can be obtained by applying the relationship:

Y (z) = T∓r PSE
{(

1 − z−1
)±r
}

F (z), (5.1)

where T is the sample period, Y (z) is the Z transform of the output se-
quence y(nT ), F (z) is the Z transform of the input sequence f(nT ), and
PSE{u} denotes the expression, which results from the power series expan-
sion of the function u.

Doing so gives:

D±r(z) =
Y (z)
F (z)

= T∓r PSE
{(

1 − z−1
)±r
}
� T∓rPp(z−1), (5.2)

where D±r(z) denotes the discrete equivalent of the fractional-order oper-
ator, considered as processes.

By using the short memory principle [Podlubny (1999a)], the discrete
equivalent of the fractional-order integro-differential operator, (ω(z−1))±r,
is given by

D±r(z) = (ω(z−1))±r = T∓rz−[L/T ]

[L/T ]∑
j=0

(−1)j

(±r

j

)
z[L/T ]−j, (5.3)

where T is the sampling period, L is the memory length and (−1)j
(±r

j

)
are binomial coefficients c

(r)
j , (j = 0, 1, . . . ) where [Dorčák (1994)]

c
(r)
0 = 1, c

(r)
j =
(

1 − 1 + (±r)
j

)
c
(r)
j−1. (5.4)

It is very important to note that the PSE scheme leads to approxima-
tions in the form of polynomials, that is, the discretized fractional order
derivative is in the form of FIR filters. It should be mentioned that, at least
for control purposes, it is not very important to have a closed-form formula
for the coefficients, because they are usually pre-computed and stored in
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the memory of the microprocessor. In such a case, the most important is
to have a limited number of coefficients because of the limited available
memory of the microprocessor system.

Because of reasons menationed above, for directly discretizing sr, (0 <

r < 1), we shall concentrate on the IIR form of discretization where as
a generating function we will adopt an Al-Alaoui idea on mixed scheme
of Euler and Tustin operators [Al-Alaoui (1993, 1997)], but we will use
a different ration between both operators. The mentioned new operator,
raised to power ±r, has the form [Petráš (2003b)]:

(ω(z−1))±r =
(

1 + a

T

1 − z−1

1 + az−1

)±r

, (5.5)

where a is ratio term and r is fractional order. The ratio term a is the
amount of phase shift and this tuning knob is sufficient for most solved
engineering problems, When a = 0 it is Euler rule, for a = 1/7 we get
Al-Alaoui rule and for a = 1 we obtain well-known Tustin rule.

In expanding the above in rational functions, we will use the contin-
ued fraction expansion (CFE). It should be pointed out that, for control
applications, the obtained approximate discrete-time rational transfer func-
tion should be stable and minimum phase. Furthermore, for a better fit
to the continuous frequency response, it would be of high interest to ob-
tain discrete approximations with poles an zeros interlaced along the line
z ∈ (−1, 1) of the z plane. The direct discretization approximations pro-
posed in this section enjoy the desirable properties.

The result of such approximation for an irrational function, Ĝ(z−1), can
be expressed by G(z−1) in the CFE form [Chen (2002)], [Vinagre (2003)]:

G(z−1) � a0(z−1) +
b1(z−1)

a1(z−1) + b2(z−1)

a2(z−1)+
b3(z−1)

a3(z−1)+...

= a0(z−1) +
b1(z−1)

a1(z−1)+
b2(z−1)

a2(z−1)+
. . .

b3(z−1)
a3(z−1)+

. . . ,

(5.6)

where ai and bi are either rational functions of the variable z−1 or constants.
The application of the method yields a rational function, G(z−1), which is
an approximation of the irrational function Ĝ(z−1).

The resulting discrete transfer function, approximating fractional-order
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operators ((ω(z−1))±r ≡ D±r(z−1)), can be expressed as [Petráš (2009b)]:

(ω(z−1))±r ≈
(

1 + a

T

)±r

CFE

{(
1 − z−1

1 + az−1

)±r
}

p,q

=
(

1 + a

T

)±r
Pp(z−1)
Qq(z−1)

=
(

1 + a

T

)±r
p0 + p1z

−1 + · · · + pmz−p

q0 + q1z−1 + · · · + qnz−q
, (5.7)

where T is the sample period, CFE{u} denotes the continued fraction ex-
pansion of u; p and q are the orders of the approximation and P and Q are
polynomials of degrees p and q. Normally, we can set p = q = n.

Generally, the control algorithm can be based on canonical form of IIR
filter, which can be expressed as follow

F (z−1) =
U(z−1)
E(z−1)

=
b0 + b1z

−1 + b2z
−2 + · · · + bMz−M

a0 + a1z−1 + a2z−2 + · · · + aNz−N
, (5.8)

where a0 = 1 for compatible with the definitions used in Matlab. Normally,
we choose M = N .

Such control algorithm can be directly implemented to any processor
based devices as for instance PLC or PIC. A direct form of such implemen-
tation using canonical form shown in Fig. 5.1 with input e(k) and output

Fig. 5.1 Block diagram of the canonical representation of IIR filter form.
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u(k) range mapping to the interval 0 − UFOC [V] is divided into two sec-
tions: initialization code and cyclic code. Pseudocode has the following
syntax [Petráš (2005a)]:

(* initialization code *)
scale := 32752; % input and output

order := 5; % order of approximation (M=N)

U_FOC := 5; % input and output voltage range: 5[V], 10[V], ...

W:=1; % desired value of control loop

% Controller parameters:

a[0] := 1.0; a[1] := ...; a[2] := ...; a[3] := ...;

a[4] := ...; a[5] := ...; b[0] := ...; b[1] := ...;

b[2] := ...; b[3] := ...; b[4] := ...; b[5] := ...;

% set variables to zero

loop i := 0 to order do

s[i] := 0;

endloop

(* cyclic code *)
input_FOC := (REAL(input)/scale) * U_FOC;

in:=W-input_FOC;

feedback := 0; feedforward := 0;

loop i:=1 to order do

feedback := feedback - a[i] * s[i];

feedforward := feedforward + b[i] * s[i];

endloop

s[0] := in + a[0] * feedback;

out := b[0] * s[1] + feedforward;

loop i := order downto 1 do

s[i] := s[i-1];

endloop

output_FOC:= INT(out*scale)/U_FOC;

% output limitations for actuator (saturation)
if output_FOC >= U_FOC then

output_FOC = U_FOC;

if output_FOC <= 0 then

output_FOC = 0;

The disadvantage with this solution is that the complete controller is
calculated using floating point arithmetic.
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The transfer function of the fractional order controller needs to be band-
limited because the differentiation term leads to an infinity control effort
value and great sensitivity to measurement noise. This impact can be
limited by prefilter of first or second order connected to control loop. The
goal for the prefilter is to correct the closed loop response of the feedback
system because the actuator power capability is always limited. For some
non band-limited inputs, the actuator becomes saturated and the saturation
effect might cause undesirable non-linear phenomena.

The control algorithm is designed according to the control scheme in
Fig. 5.2. The position algorithm uses discrete time steps k (k = 1, 2, . . . )
and consists of the following steps [Petráš (1999b)]:

(1) Reference value prefiltering:
For saturation effect limitation we used the first order digital prefilter
with the constant correction factor, with the transfer function

Hp(z−1) =
W ∗(z−1)
W (z−1)

=
kf

1 − kf z−1
. (5.9)

The transfer function of the prefilter (5.9) corresponds with the follow-
ing difference equation

w∗(k) = w∗(k − 1) + kf (w(k) − w∗(k − 1)), (5.10)

where w(k) is the reference (desired) value, w∗(k) is the prefiltered
value and kf is the prefilter constant.

(2) Control error computation:
The mathematical model of the difference term in control feedback loop
has the form E(z−1) = W ∗(z−1)−Y (z−1) and the equivalent difference
equation is

e(k) = w∗(k) − y(k), (5.11)

where e(k) is control error value and y(k) is the measured output value.
(3) Control effort value determination:

By applying the backward rule and PSE to the discrete transfer func-
tion of the fractional order controller we obtain a FIR form and the

W*(z-1) E(z-1) U(z-1) Y(z-1)

-
Gr(z

-1) Gs(z
-1)Hp(z-1)

W(z-1)

Fig. 5.2 Feed-back control loop with prefilter.
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controller can be expressed as

C(z−1) = Kp +
Tiz

[ L
T ]

T−λ
[L/T ]∑
j=0

(−1)j
(
λ
j

)
z[ L

T ]−j

+
TdT

−δ
[L/T ]∑
j=0

(−1)j
(
δ
j

)
z[ L

T ]−j

z[ L
T ]

(5.12)

From discrete transfer function (5.12), the control law is expressed:

u(k) = Kp e(k) +
Ti

T−λ
k∑

j=v
c
(λ)
j e(k − j)

+ TdT
−δ

k∑
j=v

c
(δ)
j e(k − j),

(5.13)

where binomial coefficients c
(δ)
j and c

(λ)
j are calculated from the recur-

rent equation (5.4) and v is defined in context of the relation (5.27)
for improving the effectiveness of the numerical algorithm by applying
the short memory principle [Podlubny (1999a)]. On the other hand,
besides the sample period T , the control quality is also influenced by
the length of the “short memory”.
In the case of IIR form of the fractional order controller, the control
law can be expressed as:

u(k) = Kp e(k) + Ti T λ

∑r
j=0 cje(k − j)∑r
i=0 dje(k − i)

+
Td

T δ

∑p
j=0 aje(k − j)∑p
i=0 bie(k − i)

,

(5.14)

being p, q, r, s and aj , bi, cj , di the orders and coefficients of the polyno-
mials, respectively.
Equation (5.14) can be rearranged and expressed as one difference equa-
tion with u(k) on the left side and finite difference on the right side.
This approach does not need the short memory principle. We need only
few samples from history for computation a new one.

Some other discrete algorithms for the digital realization of the fractional-
order controller can be used, such as for example the second order of the
prefilter or the CFE method of Tustin rule or Simpson rule (various value
of a in relation (5.7)) for approximation of the discrete controller transfer
function in the form of the IIR filter.
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5.2 Fractional Controller Realized by PIC Processor

The proposed realization of the fractional controller is based on the mi-
croprocessor PIC16F876. The block diagram of the mentioned realization
is depicted in Fig. 5.3. Setting of the controller parameters is realized via
serial port RS232 by personal computer (PC). Basic features of processor
PIC16F876 [Microchip (2009)]: 256 data memory bytes, and 368 bytes of
user RAM, an integrated 5-channel 10-bit AD converter. Two timers. Pre-
cision timing interfaces are done through two CCP modules and two PWM
modules. PIC16F876 has 22 I/O pins. The operating speed is 20 MHz and
power supply voltage is 5 V (fairly well filtered).

Basic features of realized digital FOC: The range of input signal
(control error) is 0 - 5 V and can be adjusted for any sensor output. The
output signal range (control value) is 0 - 5 V. The reference voltage range
for required value setting is also 0 - 5 V. The controller was designed for
polynomial degree p = q = 3 and for sample period T (0.001 - 120) sec.
This controller was build as a prototype for testing and measurements (see
[Petráš (2003c)].)
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Fig. 5.3 Block diagram of digital FOC based on PIC.
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5.2.1 Fractional-Order Integrator

This section uses the practical case described in [Petráš (2002a)]. We re-
alized the fractional half-order integrator as a particular case of fractional
order PID controller, which has continuous transfer function:

C(s) =
1.4374
s0.5

.

The resulting transfer function of half-order integrator was obtained by
(5.7) and for T = 0.001 sec and a = 1/7 has the following form:

C(z) = 1.4374
49z3 − 49z2 + 7z + 1

1657z3 − 2603z2 + 1048z − 63
. (5.15)

5.2.2 Measured Results

The transfer function (5.15) was rewritten to difference equation and was
coded by PIC Basic and then loaded to PIC memory [Petráš (2003c)].
As the testing signals we used a square impulses (unit - step response)
and sinus. Both signals had amplitude 1V and frequency 100 Hz. The
following figures Fig. 5.4 and Fig. 5.5 present the measured results (by
digital oscilloscope). These results are comparable with results obtained by
analog FOC in [Petráš (2002a)].

5.3 Temperature Control of a Solid by PC and PCL 812

5.3.1 Model of Controlled System

The mathematical model used for the system to be controlled is a two-term
differential equation of the fractional-order of the form:

b1 Dβ
t y(t) + b0 y(t) = u(t), (5.16)

for which the parameters b1, b0 and β were obtained by an identification
method based on the measured step response of the system (see Fig. 5.6)
and the minimization of the quadratics criteria

J =
1

M + 1

M∑
i=0

|y∗
i − yi|2 (5.17)

being y∗
i the measured values, yi the model values and M + 1 the number

of measurements.
In this case, the obtained parameters are [Petráš (1998)]:

b1 = 39.69; b0 = 0.598; β = 1.25
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Fig. 5.4 Time response to sin function.

Fig. 5.5 Time response to unit-step function.
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Fig. 5.6 Unit-step response of controlled object.

So, the continuous transfer function used for controller design is

G(s) =
1

39.69s1.25 + 0.598
. (5.18)

This mathematical model was used in [Petráš (1998)] for fractional con-
troller design, and an alternative integer order model was used for tradi-
tional PD controller design with comparison purposes.

The alternative integer order model has the form of first order system
represented by the following transfer function:

Ĝ(s) =
1

20.14s + 0.598
. (5.19)

This integer order system was used for comparison of control performance
between classical PD controller and fractional PDδ controller with transfer
function [Dorčák (1994)], [Petráš (1998)]:

C(s) = K + Tds
δ, (5.20)

where K, Td and δ are controller parameters.

5.3.2 Controller Parameters Design and Implementation

The controller design was done in [Petráš (1998)], according to the method
(poles placement [Dorf (1990)]) described in [Petráš (1999b)], for obtaining
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a stability measure St ≈ 2.0. The obtained fractional-order PDδ controller
designed for the fractional-order model (5.18) has the continuous transfer
function:

C(s) = 64.47 + 48.99s0.5. (5.21)

Parameters of integer order PD controller was designed by the same
method and controller has the following transfer function:

Ĉ(s) = 64.47 + 12.39s. (5.22)

Let us consider the single input - single output (SISO) feedback control
system shown in Fig. 5.7, where W is required value, E is control error, U
is control value and Y is actual value.

Fractional differential equation of closed control loop, depicted in
Fig. 5.7, with fractional model of controlled system and fractional PDδ

controller, has the following form:

a1 0D
β
t y(t) + Td 0D

δ
t y(t) + (a0 + K)y(t) = K w(t) + Td 0D

δ
t w(t). (5.23)

The comparison of the control quality was done by applying both con-
trollers to the real object in [Petráš (2000)], where for the control quality
arbitration were chosen the following criteria: control surface; overshoot;
settling time, which were measured the values of these criteria for total time
2 min for unit change of required value from 0 to 2 V. It correspondences
to temperature change about 100oC. The obtained results confirmed the
results from previous works that fractional order controller is more eligi-
ble for control of the real object. In the next part we will consider only
fractional order controller.

Since the advantages of using a fractional controller in this particular
case were shown in [Petráš (1998)], in this section we compare two possible
realizations of the fractional order PDδ controllers.

Sensor

ProcessActuatorController

Filter

W E U Y

Fig. 5.7 General SISO feedback loop system.
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By applying the backward rule and power series expansion (Grünwald–
Letnikov formula) the discrete transfer function of the controller can be
expressed of the form:

CR(z) = K + Td

T−δ
∑L/T

j=0 (−1)j
(
δ
j

)
z

L
T −j

z
L
T

, (5.24)

being T the sample period, L the memory length (see [Podlubny (1999a)])
and L/T + 1 the number of coefficients.

By applying the Tustin trapezoidal rule and the continued fraction ex-
pansion the discrete transfer function of the controller can be expressed of
the form:

CT (z) = K + Td

(
2
T

)δ
Pp(z−1)
Qq(z−1)

. (5.25)

For implementing the controllers a position algorithm with reference
digital prefiltering has been used. This algorithm consists of the several
steps (calculating of control error, calculating the control value, etc.). In
this section we present only control laws, which are described as [Petráš
(2002b)]:

a) In the case of CR(z) the control law can be expressed as:

u(k) = Ke(k) +
Td

T δ

k∑
j=n

cje(k − j), (5.26)

being cj the binomial coefficients and n, by applying the short memory
principle [Podlubny (1999a)], defined by:

n = 0; k < L/T

n = k − L/T ; k > L/T
(5.27)

b) In the case of CT (z) the control law can be expressed as:

u(k) = − 1
b0

q∑
l=1

blu(k − l)

+
1
b0

[
K

q∑
l=0

ble(k − l) +
Td

T δ

p∑
m=0

ame(k − m)

]
, (5.28)

being p, q and am, bl the orders and coefficients of the polynomials
Pp(z−1) and Qq(z−1), respectively.
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5.3.3 Experimental Setup and Results

The equipment for experiments is shown in Fig. 5.8. The system to be
controlled is a heat solid (electric radiator). Temperature is measured by
a radiating pyrometer, filtered by an analogue active filter, and driven to
host PC by a PCL 812 card. Control signal from analogue output on the
PCL card is connected to the actuator (thyristor changer) where 0-5V signal
is changed to 20-220V. Reference value follows the law:

w(o) =
330
5

w(V ) + 20 (5.29)

The estimated transfer function of the analogue filter is

F (s) =
22

s + 40
, (5.30)

which has been used for filtering the noisy signal from pyrometer.
In experiments the following parameters have been used:

• T = 1 sec, (� 1% of the system rise time);
• L = 100 (order of the FIR filter);
• kf = 0.5; (prefilter parameter);
• p = q = 4 (order of the IIR filter);

With these parameters the implemented controllers are [Vinagre (2001)]:

CR(z) = 64.47 + 48.99
∑100

k=0 (−1)k (0.5
k

)
z100−k

z100
,

CT (z) = 64.47 + 48.99
0.316z4 − 1.038z3 + 1.248z2 − 0.645z + 0.119
0.256z4 − 0.639z3 + 0.488z2 − 0.078z − 0.027

.

Pyrometer

Heat solid

Analogue filter

Voltage
converter

PCL 812

W   (20-350 0C)

Controller

Y (0-5 V DC)

U (0-5V DC)

0-5 V DC

20-220 V AC

Measuring

ObjectActuator

Fig. 5.8 Block diagram of experimental setup.
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The transfer function of the digital prefilter is:

Hp(z) =
0.5

1 − 0.5z−1
.

This prefiltering can improve control loop performances e.g. less over-
shoot, etc. Usually, it is suitable use the first order system as a prefilter
with time constant which corresponds to the time constant of controlled
systems.

The simulation results are obtained by applying the controllers CR(z)
and CT (z) to the process transfer function. Presented results consider the
ideal case of Fig. 5.8, that is: no actuator saturation and unity feedback.
Simulated step responses of the controlled system with controllers CR(z)
and CT (z) are shown in Fig. 5.9. In this figure it can be observed that the
performances for both controllers are identical.

Measured step responses of the controlled system with controllers CR(z)
and CT (z) are shown in Fig. 5.10. As in the case of simulations, the almost
identical performances obtained with both controllers can be observed.
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Fig. 5.9 Simulated unit step response (x: Time [sec]; y: Amplitude [V]).
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Fig. 5.10 Measured unit step response (x: Time [sec]; y: Amplitude [V]).

Control algorithm used in this experiment was programmed in computer
language Pascal 6.0 with driver for the PCL 812 card. The disadvantage
of this implementation was the absence of software environment at that
time. All necessary routines af for example driver for PLC card, timing,
control loop, etc. had to be programmed and coded. At present time it
can be solved easily, for instance in Matlab/Simulink with the Real-Time
Workshop toolbox.

The advantage of using the second method for implementation is clear:
while the controller CR(z) is a FIR filter of order 100, the controller CT (z) is
an IIR filter of order 4. From the obtained results it can be concluded that
for implementing the digital fractional controller is highly interesting to use
Tustin rule and continued fraction expansion, because it reduces, without
performance degradation, the digital system requirements. This means
that the implementation of CT (z) has reduced requirements in memory
and computation time.
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5.4 Temperature Control of a Heater by PLC BR 2005

5.4.1 Model of Controlled System

In this section will be described the laboratory object - electrical heater
and control setup of whole system. Electrical heater consists of electrical
spiral and fan. In front of the heater is temperature sensor and this heater
is connected to power actuator.

The mathematical model used for the system to be controlled can be
expressed by the following transfer function:

G(s) =
k

τs + 1
. (5.31)

Parameters of the model (5.31) could be obtained by graphical identification
method [Dorf (1990)] and have the following values (see Fig. 5.11):

τ = 75, k = 0.57. (5.32)

For real measurement was used sampling period T = 5 sec. In Fig. 5.12
is depicted unit step response of the heater recalculated to temperature
according to transfer characteristic of the sensor. The initial condition was
y(0) = 26oC (temperature in room).
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Fig. 5.11 Unit step responses (measured and model).
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Fig. 5.12 Unit step responses (measured).

5.4.2 Controller Parameters Design and Implementation

H. W. Bode suggested an ideal shape of the loop transfer function in his
work on design of feedback amplifiers in 1945. Ideal loop transfer function
has form [Bode (1949)]:

L(s) =
(

s

ωgc

)α

, (5.33)

where ωgc is desired crossover frequency and α is slope of the ideal cut-off
characteristic.

Phase margin is Φm = π(1 + α/2) for all values of the gain. The
amplitude margin Am is infinity. The constant phase margin 60o, 45o and
30o correspond to the slopes α = −1.33, −1.5 and −1.66.

The Nyquist curve for ideal Bode transfer function is simply a straight
line through the origin with arg(L(jω)) = απ/2.

Bode’s transfer function (5.33) can be used as a reference system in the
following form [Astrom (2000); Manabe (1961); Petráš (2002a); Vinagre
(2004)]:

Gc(s) =
A

sα + A
, Go(s) =

A

sα
, (0 < α < 2), (5.34)
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where Gc(s) is transfer function of closed loop and Go(s) is transfer function
in open loop.

General characteristics of Bode’s ideal transfer function are:

(a) Open loop:

• Magnitude: constant slope of −α20dB/dec;
• Crossover frequency: a function of A;
• Phase: horizontal line of −απ

2 ;
• Nyquist: straight line at argument −απ

2
.

(b) Closed loop:

• Gain margin: Am = ∞;
• Phase margin: constant: Φm = π

(
1 − α

2

)
;

• Step response: y(t) = AtαEα,α+1 (−Atα) ,

where Ea,b(z) is the Mittag-Leffler function of two parameters
[Podlubny (1999a)].

For the FOC design we will use an idea which was proposed by Bode
[Bode (1949)] and for first time used to the motion control described by
Tustin [Tustin (1958)]. This principle was also used by Manabe to induction
motor speed control [Manabe (2002)].

We will design the controller, which give us a step response of feedback
control loop with overshoot independent of payload changes (iso-damping).
In the frequency domain point of view it means phase margin independent
of the payload changes.

Phase margin of controlled system is [Monje (2008); Vinagre (2000)]:

Φm = arg [C(jωg)G(jωg)] + π, (5.35)

where jωg is the crossover frequency. Independent phase margin means in
other words constant phase. This can be accomplished by controller of the
form:

C(s) = k1
k2s + 1

sµ
, k1 = 1/k, k2 = τ. (5.36)

Such controller gives a constant phase margin and obtained phase margin
is

Φm = arg [C(jω)G(jω)] + π = arg
[

k1k

(jω)(1+µ)

]
+ π

= arg
[
(jω)−(1+µ)

]
+ π = π − (1 + µ)

π

2
. (5.37)

For our parameters of controlled object (5.32) and desired phase margin
Φm = 45o, we get the following constants of the fractional order controllers
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(5.36): k1 = 1.75, k2 = 75 and µ = 1.5. With these constants we obtain
a modified fractional IλDδ controller, which is a particular case of the
PIλDδ controller and has the form:

C(s) =
τ

k
s−0.5 +

1
ks1.5

=
1
s

(
τ

k
s0.5 +

1
ks0.5

)
=

131.57
√

s

s
+

1.75
s
√

s

=
1
s
(Kds

δ + Kis
−λ), (5.38)

where Kd, Ki, δ, and λ are the fractional IλDδ controller parameters.
According to relation (5.37), by using a controller (5.38), we can obtain

a phase margin:

Φm = arg [C(jω)G(jω)] + π = π − (1.5)
π

2
= 45o,

which was desired phase margin specification.

5.4.3 Experimental Setup and Results

Experimental setup used for identification of the object and its control is
depicted in Fig. 5.13.

Temperature was measured by semiconductor sensor LM35 with linear
characteristic, sensitivity 10mV/oC and range from −35oC to 150oC. As
an actuator was used a thyristor converter controlled by PIC processor with
input voltage range 0 − 5V DC and output voltage range 0 − 230V AC.

For implementation of the fractional order controller (5.38) on PLC we
can use approximation based on the CFE in form of IIR filter and algorithm
described in first section of this chapter. For the sampling period T = 1 sec
and by using the Tustin rule as a generation function, we get the discrete
approximation of the fractional order controller (5.38) in the following form:

C(z−1) =

93.6664 + 48.0756z−1 − 149.0885z−2 − 63.8758z−3

+59.5138z−4 + 17.0560z−5 − 3.5300z−6

1.0000− 0.5001z−1 − 1.6111z−2 + 0.6806z−3

+0.6459z−4 − 0.1841z−5 − 0.0382z−6

. (5.39)

Above fractional order controller was implemented in PLC BR 2005 as
a task FOC in first cyclic class with sampling time T = 1 sec. To input ana-
logue modul was connected the semiconductor sensor LM35 and to output
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Fig. 5.13 Experimental setup in laboratory.

analogue modul was connected the actuator. The PLC was controlled via
PC through RS 232. The code was programmed in software Automation
studio in language Automation Basic and updated to memory of the PLC.

As we can see in Fig. 5.14 the Bode plots of open control loop with
the model (5.31) with parameters (5.32) and controller (5.39) have phase
margin Φm ≈ 44.28, phase 135o and magnitude slope −30dB/dec.

Simulation of the closed control loop with the model (5.31) with pa-
rameters (5.32) and controller (5.39) shows (see Fig. 5.15) that unit-step
response has almost 80 % overshoot and we should consider a prefilter for
desired value to eliminate this overshoot.

Suggested prefilter transfer function has the form:

Hp(s) =
1

38s + 1
. (5.40)

Discrete equivalent of the prefilter (5.40) obtained through c2d() for
sampling period T = 1 sec is

Hp(z) =
0.026

z − 0.974
. (5.41)

As we can see in Fig. 5.16, the prefilter (5.41) helped us eliminate over-
shoot but it is important to note that the settling time changed from 25
sec to almost 150 sec. Sometimes it is not acceptable for such kind of pro-
cess but usually overshoot is superior for heat processes then settling time.
Overshoot of temperature value may destroy the object.
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Fig. 5.14 Bode plots (simulated).
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Fig. 5.15 Unit step responses (simulated).



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

Microprocessor Implementation and Applications 113

0 50 100 150 200 250 300
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

Time [sec]

A
m

pl
itu

de
 [V

]

Fig. 5.16 Unit step responses with prefilter (measured).

5.5 Concluding Remarks

As it has been shown in this chapter, implementation of the fractional
order controller on processor based devices is possible but there are many
important things which should be solved before its application to practice.

In case of PIC processor could be a problem with arithmetic operations
in floating point numbers and the speed of mathematical calculation as
well. This can be solved with coprocessor. Using the PC and PCL card are
suitable mostly for laboratory experiments.

Some disadvantage we can mention also in case of PLC implementation,
as for example limitation to memory and processor speed (depends on type
of PLC). On the other hand, example in this chapter has shown us, how
we can implement the fractional order controller in PLCs, which are widely
used in industry at present time.
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Chapter 6

Field Programmable Analog Array
Implementation

The aim of this chapter is to propose an analog implementation
of PIλDµ controller based on Field Programmable Analog Arrays
(FPAAs). The proposed approach guarantees a good degree of
approximation and the possibility to easily fix the integrative and
derivative order. The frequency analysis of the reported examples
shows the feasibility and reliability of the proposed approach.

6.1 The FPAAs Development System

Digital circuits are usually used when high-accuracy, high-complexity signal
processing algorithms have to be implemented. This approach is typically
applied to low-frequency signals when power consumption is not critical.

When, on the contrary, high-frequency signals are involved and low
power dissipation is required, the analog approach is more appealing. The
drawback of the analog approach is related to the accuracy of the circuits
and their reprogrammability.

The FPAA technology, as for its digital counterpart FPGA, provides
a basic instrument for the development of dynamically reconfigurable ana-
log circuits. Using this kind of device it is possible to reprogram the entire
circuit dynamics, keeping the structure fixed but changing the parameters
[Caponetto (2007b)]. The reprogrammability features of FPAA can also be
used to adapt the circuit to changing external conditions due to noise or
changes in the operating conditions of the system being controlled. The cir-
cuit configurations can be changed, where components such as operational
amplifiers, capacitors, resistors, transconductors, and current mirrors can
easily be fixed and connected, both at a low and at a high level. In the
latter case, user-friendly tools, for example to design audio amplifiers, are

115
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available in order to reduce the time to market products. In a way, FPAA is
a new version of an analog computer, maintaining the same target of provid-
ing analog circuits with flexibility. Therefore, the two main characteristics
of FPAA are the possibility to translate complex analog circuits into a set
of low-level functions and the capability to place analog circuits under real-
time software control within the system. For these reasons FPAA is used
here to implement non integer order circuits with programmable features.

The device used in this paper is the FPAA AN221E04, produced by
Anadigm, intergraded on the development board AN221K04, produced by
the same company. The software development tool is the AnadigmDe-
signer2 (Anadigm). The core of the AN221E04 is a two by two matrix
of block named CAB (Configurable Analog Block) that can be connected
among them and with external I/O blocks. In Fig. 6.1 the scheme of the
Anadigm device is reported.

Each CAB contains a digital comparator, an analog comparator, two
operational amplifiers and a series of capacitors. The FPAA technology is,
in fact, mainly based on switched capacitor technology. The CAB blocks are
surrounded by the other elements of the device. One section is dedicated to
clock management, another to I/O signals and a digital section is devoted to
the IC configuration and dynamic reprogrammability. The digital section is
based on a look-up table mapping the interconnections inside the IC. The
look-up-table allows the dynamic reprogramming of the FPAA. In fact it
is possible to connect the AN221E0 with an external micro-controller and
to change the values of the look-up-table on the fly. These values will be
applied at the next clock cycle. Other features characterize the AN221E0
but are not described here because we did not use them in our experiments.

The software development tool makes it possible to connect the FPAA
with the I/O ports and to design the desired circuit, by using pre-defined
blocks. There are a lot of blocks, named CAM (Configurable Analog Mod-
ule) that differ in functionality and therefore in resource requirement. In
the following only those blocks that will be utilized in our experiment are
described.

The first one, and the simplest one, is the GAININV block that permits
us to fix a gain, (in the range 0.01 ÷ 100), and an internal clock for switch
driving.

A further block is the SUMINV. This CAM creates a full cycle inverting
the summing stage with up to three inputs. Each input branch has a pro-
grammable gain. This CAM has continuous input and continuous output
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Fig. 6.1 Block scheme of the device AN221E04.

that are always valid. The transfer function for this CAM is:

VOut(s) = −G1VInput1(s) − G2VInput2(s) − G3VInput3(s) (6.1)

The numbered Gi variables are the gains of the various input branches and
the numbered VInput variables are the input voltages at the various input
branches.

Another CAM used is the DIFFERENTIATOR. This CAM creates an
inverting differentiator with a programmable differentiation constant. This
CAM operates as a circuit that generates an output based on the change
of input during one phase and holds that output through the next phase
or a circuit that generates an output based on the change of input during
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every phase. The transfer function for this CAM is:

VOut(s) = −K × ∆Vin

∆t
(6.2)

K is the differentiation constant and ∆Vin is the change in the input voltage
during the input phase of the clock when ∆t is the length of one half the
clock period. If the input voltage does not change before the end of the
input phase, ∆Vin equals zero.

The most important CAM used to realize the Oustaloup approximation
is the BILINEAR FILTER CAM. The choice of this CAM is related to its
capability to implement zero-pole filters. Its transfer function is:

Vout(s)
Vin(s)

= −GHF (s + 2πfz)
(s + 2πfp)

(6.3)

with the condition:

GDC =
fz

fp
GHF (6.4)

where fz is zero frequency, fp pole frequency, GHF high frequency gain and
GDC static gain. The described transfer function is optimal for realizing
the basic cell of Oustaloup interpolation.

In order to fix poles and zeros frequencies configuration a Matlab routine
based on Oustaloup interpolation (see eqs. 1.45) has been developed.

The routine starting point is the constraint GDC = fz

fp
GHF . This for-

mula leaves one parameter between GDC and GHF unconstrained.
The equivalent circuit of the bilinear filter is shown in Fig. 6.2. All

the bilinear filter CAM parameters, essentially the values of the capacitors,
have been fixed taking into account the Oustaloup approximation via the
formulas:

fp =
fc

π

C3

(2C4 + C3)
(6.5)

fz =
fc

π

C1

(2C2 + C1)
(6.6)

GDC =
C1

C3
(6.7)

GHF =
(2C2 + C1)
(2C4 + C3)

(6.8)

The entire PIλDµ controller CAM scheme, obtained via the Anadigm
development tool, is reported in Fig. 6.3.
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Fig. 6.2 Scheme of the pole-zero CAM bilinear filter.

Fig. 6.3 FPAA schema of PIλDµ controller.
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The proportional coefficient has been obtained using an operational am-
plifier, the integral part has been implemented as previously described and
the derivative part is obtained realizing the complement at one of the as-
sociated integral.

The number N of Bilinear Filter CAM used to realize the fractional
integrator according the Oustaloup interpolation is 8 [Caponetto (2008a)].

The input signal, its integration, its derivative and output by PIλDµ

control are measured on-line real-time.
In Fig. 6.4, the bode diagram of an integrator of 0.7 order realized

via Oustaloup interpolation is shown. This approximation is effective in
a limited range of frequencies: 1 − 100 rad/s.

It must be noted that, the slope of the magnitude bode diagram is
−20mdb/dec (instead of −20db/dec for first order system) and the phase
angle approaches −mπ

2
(instead of −π

2
for first order system).

It is quite evident that the fractional order m modulates the slope and
the phase of the bode diagrams, providing a parameter that is useful for
the open loop synthesis of the controller.

One important characteristic of FPAA is the on-fly parameters recon-
figuration. This feature allows us to change the parameters dynamically
without stopping the processing.

Fig. 6.4 Bode diagram of 0.7 integrator.
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For each CAM a set of functions in C++ allows us to change the CAM
parameters. In particular the parameters of the Bilinear Filter that are
changed on-fly are the poles and zeros frequencies, and the static and high
frequency gains.

6.2 Experimental Results

In Fig. 6.5 the software interface developed for on-fly parameters changing
is reported. The interface provides four areas. The first is used to define
the input parameters for simulation purposes. The remaining three areas
are used to define the five parameters of the PIλDµ controller.

In Figs. 6.6, 6.7, 6.8 and 6.9, a 0.5 gain effect, an integrative effect with
λ = 0.7, a derivative action with µ = 0.2, and the summed effects on the
entire PIλDµ controller have been reported.

In the first three examples the input is a sinusoidal signal with a fre-
quency of 2Hz and a peak to peak amplitude Vpp = 1.8V , Vpp = 1.4V ,
Vpp = 1.8V , respectively.

Fig. 6.5 Interface for changing on-line the parameters of PIλDµ.
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Fig. 6.6 Proportional effect of the PIλDµ controller.

Fig. 6.7 Integrative effect of the PIλDµ controller with λ = 0.7.

In the last example the gain of proportional term has been fixed to 0.5,
the two gains of the derivative and integrative terms have been fixed to
0.2, while, the input is a sinusoidal signal with a peak to peak amplitude
Vpp = 1.8V and a frequency of 2Hz.
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Fig. 6.8 Derivative effect of the PIλDµ controller with µ = 0.2.

Fig. 6.9 Response of the PIλDµ, with Kp = 0.5, Ki = Kd = 0.2, λ = 0.7, µ = 0.2 to a
sinusoidal input with Vpp = 1.8 and a frequency of 2Hz.

The signals reported in the Figs. 6.6 - 6.13 have been obtained using the
“Hewlett Packard 54645D” oscilloscope. The sinusoidal input is connected
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on the channel 2 and the output on channel 1; the phase-difference between
output and input is also shown.

In Fig. 6.6 the ideal values of the peak to peak output voltage and the
phase-difference between input and output signals are respectively 900mV

and 0◦.
The same signals in Figs. 6.7, 6.8 and 6.9 have the following values:

241mV and −63◦, 2.98V and 18◦ and finally 1.51V and 5.8◦.
In all the figures the phase-difference is close to the ideal value, while

for the output (channel 2) there is 50mV of overlapped noise. However this
noise does not compromise the reliability of the developed system.

In Figs. 6.10 and 6.11, an integrative effect with λ = 0.3 and a derivative
action with µ = 0.4 have been reported. The two gains of the integrative
and derivative terms have been fixed to 1, while, in this example, the input
is a sinusoidal signal with a peak to peak amplitude Vpp = 3.125V and
Vpp = 30.94mV , respectively, and a frequency of 20Hz.

In Fig. 6.10 the ideal values of the peak to peak output voltage and the
phase-difference are 733mV and −27◦. In Fig. 6.11 they are 214mV and
36◦.

Also in these figures the phase-difference is close to the ideal value, while
in output there is a small noise overlapped on the output voltage.

In Fig. 6.12, a derivative action with µ = 0.3 is depicted. The gain
of the derivative term has been fixed to 1, while, the input is a sinusoidal
signal with a peak to peak amplitude Vpp = 36.25mV and a frequency of
100Hz.

In Fig. 6.12 the ideal values of the peak to peak output voltage and the
phase-difference are 248mV and 27◦.

Modifying the poles and zeros frequencies of the Oustaloup interpo-
lation it is possible to obtain the fractional action in another frequency
range.

In Fig. 6.13, an integrative effect with λ = 0.3 is given. The gain of the
integrative term has been fixed to 1, while, the input is a sinusoidal signal
with a peak to peak amplitude Vpp = 3.812V and a frequency of 5KHz.

In Fig. 6.13 the ideal values of the peak to peak output voltage and the
phase-difference are 170mV and −27◦.

Also in this case, at a higher frequency and using a different Oustaloup
interpolation the proposed FPAA PIλDµ controller continues to work
correctly.

Finally the PIλDµ FPAA implementation, which has been here dis-
cussed, can have relevant implications. Developments include the possi-
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bility of designing a dedicated IC, based on switch capacitors, as will be
demonstrated in the next chapter, making it possible to produce a fine
tuning adaptive non integer order controller.

Fig. 6.10 Integrative effect of the PIλDµ controller with λ = 0.3 at 20Hz.

Fig. 6.11 Derivative effect of the PIλDµ controller with µ = 0.4 at 20Hz.
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Fig. 6.12 Derivative effect of the PIλDµ controller with µ = 0.3 at 100Hz.

Fig. 6.13 Integrative effect of the PIλDµ controller with λ = 0.3 at 5KHz.
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Chapter 7

Switched Capacitor Integrated
Circuit Design

A Switched Capacitors (SC) implementation of fractional differ-
integral operator is proposed in this chapter. Time and frequency
domain result tests validate the feasibility and reliability of the
SC circuit implementation. A detailed analysis of the influence of
the non-idealities is proposed in order to obtain a design ready for
Integrated Circuit (IC) implementation. The proposed approach
may guarantee a good degree of approximation of the fractional
differintegral operator and therefore may allow the possibility
to realize a PIλDµ controller IC based on switched capacitors
technology.

7.1 Introduction

Ever since electric wave filters were introduced more than seventy years ago,
filters have played a vital role in communication systems. With the advent
of large scale integration (LSI) and very large scale integration (VLSI)
technologies, greater emphasis has been placed on the miniaturization of
the major components of communication systems, including filters. Con-
sequently, one of the main directions of recent investigations into filters is
the exploration of new technologies to achieve miniaturization.

The switched capacitor (SC) technique to design filters is a recent de-
velopment and this is highly suitable for the creation of complete filters
on a silicon chip. Switched capacitor filters realized using metal oxide
semiconductor (MOS) technology use periodically operated switches with
capacitors and operational amplifiers (OA). They are essentially based on
active RC filter configurations, but they eliminate resistors through the
use of switched capacitors. Furthermore, these are sampled data in nature
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and, therefore, require sampled data system theory for their analysis and
design. Thus, SC filters are an outgrowth of active RC filter and digital
filter theories.

Filters may also be classified according to the technology used to create
them, or the application for which they are intended. We have thus a variety
of filters, such as passive filters, active RC filters (which includes active R
and active C filters), switched capacitor (SC) filters, and digital filters.

7.2 Passive and Active Filters

Passive filters use resistors, capacitors and inductors. Filters can be built
using resistors and capacitors only. However, the resulting RC networks
can realize only simple negative real-axis poles.

The use of inductors together with resistors and capacitors can result in
network functions with complex-coniugate poles. Such RLC networks can
create filters with a rapid variation of amplitude or phase response using
a smaller number of elements (i.e., using a low-order filter) rather than an
RC filter.

However, in practice it is preferable to avoid inductors , since they are
bulky (especially if the inductance values are large) and non-ideal, and
the realization of high-quality miniaturized inductors is not found to be
practical.

It is possible to create resistances and capacitances in hybrid integrated
circuits. Since RC networks by themselves cannot realize sharp-cutoff fil-
ters, highly selective amplitude or phase responses can be realized using
passive RC networks along with active elements like bipolar transistors, op-
erational amplifiers (OA), negative-impedance converters (NIC), gyrators,
differential voltage-controlled current/voltage sources, or current conveyors.

However, the most popular among these is the OA. Active RC filters
may use one or more OAs, together with passive RC networks, to realize
the desired filtering functions. The OAs used in these active RC filters
are assumed to have infinite input impedance, low output impedance and
infinite d.c. gain.

Active RC filters, however, have some limitations, because of the non-
ideal nature of the OAs used. Their performance is dependent on the finite
bandwidth of OAs. ln addition, there will be variations due to temperature
or power supply changes. The filter parameters are sensitive to resistor and
capacitor values. These have to be considered in the design and implemen-
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tation of active filters. In addition, designers are interested in considering
the miniaturization of filters to an extent at which they are technologically
compatible with other subsystems which use digital techniques.

These active RC filters can be realized using thin-film or thick-film or
silicon bipolar integrated circuit (IC) technology. Each realization has its
own advantages and disadvantages. It is not the intention of this study to
discuss the various processes in detail (these are dealt with in the literature
on active filters). lt is sufficient to state that metal oxide semiconductor
(MOS) technology has certain attractive features which have made it highly
preferable to large scale and very large scale integration (LSI/VLSI) of
electronic circuits.

7.3 Switched Capacitors Filters

These utilize a capacitor and two switches to simulate the circuit behaviour
of a resistor, as shown in Fig. 7.1. The operation of the switched capacitor
resistor is as follows. When the switch is in the left-hand position, C1 is
charged to voltage vl and when the switch is thrown to the right, C1 is
discharged to voltage v2. Thus, the amount of charge flowing into (or away
from) v2 is Qc = C1(v2 − v1). On throwing the switch back and forth every
T seconds, the current flow, i, into v2 will be

i =
C1(v2 − v1)

T
=

(v2 − v1)
T/C1

(7.1)

Thus, the switched capacitor simulates the behaviour of a resistor of value
(T/C1) = R1, connected between voltage sources v1 and v2.

The circuit of Fig. 7.1 can be created in MOS technology using two
MOS switches and a capacitor. If a capacitor C2 is associated with the
above SC resistor R1, the resulting time constant C2R1 is

τ = C2R1 =
(C2

C1

)
T (7.2)

Fig. 7.1 A switched capacitor configuration simulates the function of a resistor.
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Thus the time constant τ is determined by the ratio of the capacitors
and not their absolute values, which makes it insensitive to process varia-
tions. This desirable property for integrated filter realizations, which avoids
trimming, is achieved in the SC technique. It is thus seen that resistors in
active RC filters can be realized by MOS switched capacitors. The avail-
ability of OAs in MOS technology can provide a solution to the realization
of integrated filters [Hodges (1978)].

Commercially available OAs use largely bipolar technology and, in some
cases, a combination of MOS and bipolar technologies. However,fully in-
tegrated MOS OAs have only become available recently, and these have
boosted the possibility of the realisation of an SC filter in monolithic form.

7.4 Design of Sampled Data Filters

The design of sampled data filters starts with the specification of the de-
sired frequency characteristics in the analog domain. The reason for such
a choice is simple: there are considerable sources from which the design
information in the analog domain can be obtained. Once the analog do-
main specifications and the transfer function specifying poles and zeros are
obtained, the next step is to map these poles and zeros into the z-domain in
such a way that the resulting sampled data filter satisfies the specifications
with which the design procedure has been started.

The design of sampled data filters for given specifications in the ana-
log domain will be illustrated in this section using different approaches:
the impulse invariance method; the matched-z transformation method; the
backward Euler integration (BEI) or p-transformation method; the forward
Euler integration (FEI) method; the bilinear transformation (BT) method;
and finally, the lossless discrete integrator (LDI) transformation technique.

7.4.1 The Impulse Invariance Method

This method ensures that the impulse response, ĥ(n), of the sampled data
filter, Hd(s), is the sampled version of the impulse response, h(t), of the
corresponding analog filter, Ha(s), by defining

ĥ(n) = h(t)|t=nT (7.3)

where T is the sample period.
Thus, it is defined as the z-transformation according to the impulse
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invariance method:

Ha(s) =
m∑

i=1

Ai

s + si
−→

m∑
i=1

Ai

1 − e−siT z−1
(7.4)

Although the time responses are essentially the same for analog as well as
sampled data filters (due to the impulse invariance of the transform), the
frequency responses will be different. This is due to the complex-plane map-
ping produced by the z-transform. The frequency response of the sampled
data filter function is equal to the frequency response of the continuous
function plus the contributions of the response displaced by multiples of
2π/T . This addition or folding-in of these terms is called aliasing. The
gain of an impulse invariant sampled data filter is proportional to the sam-
pling frequency and may be considerably large.

It may be noted that the above method has been also designated by
the standard z-transform method. It is applicable to the design of BP and
all-pole LP filters. For other filter types, e.g., HP and BS, since a significant
portion of the frequency response extends at high frequencies, the impulse
invariance method maps the frequency response of the analog filter into the
z-domain only up to fs/2 and also the effect of aliasing is present. Hence,
a useful alternative is the matched-z transformation method which will be
considered next.

7.4.2 The Matched-z Transformation Method

ln this method, the zeros and poles of the sampled data filter are matched
to those of the continuous or analog filter through the relation:

z = esT (7.5)

After transforming the poles and zeros, the gain, K, can be chosen to realize
the desired gain for the sampled data transfer function:

Hd(z) = K

∏M
m=1(1 − e−xmT z−1)∏N
n=1(1 − e−αnT z−1)

(7.6)

when the analog transfer function is given as

Ha(s) =
∏M

m=1(s + xm)∏M
m=1(s + αm)

(7.7)

The poles of the resulting Hd(z) are the same as those in the impulse
invariance method, whereas the zeros are usually different.
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However, the matched-z transformation, has certain limitations. When
the zeros of an analog transfer function are at frequencies greater than half
the sampling frequency, they will be aliased to a low frequency. A second
case is the design of all-pole filters for which the sampled data versions
obtained using the matched-z transformation technique do not adequately
represent the desired continuous system.

The impulse invariance and matched-z transformations can be called
“exponential” transformations since they are based on the exponential re-
lationship given in eq. (7.5).

If these z-transformations are used the z-domain transcendent transfer
function is obtained, i.e. it enables circuit implementations.

The algebraic substitution methods of sampled data filter design will be
considered next. The first two methods to be discussed are based on the
approximation of the derivatives by finite differences.

7.4.3 Backward Euler Approximation of Derivatives

In this method, the derivative is approximated by the first backward dif-
ference as follows:

dy

dt

∣∣∣∣
t=nT

=
y(nT )− y((n − 1)T )

T
(7.8)

Similarly, for the second derivative d2y/dt2, using the same approximation,
we have:

d2y

dt2

∣∣∣∣
t=nT

=

(
dy
dt

)∣∣∣
t=nT

−
(

dy
dt

)∣∣∣
t=(n−1)T

T
(7.9)

Substituting equation (7.8) in equation (7.9), and taking z-transforms, we
obtain:

Z

(
dy

dt

∣∣∣∣
t=nT

)
=

[
1 − z−1

T

]
Y (z) (7.10)

and

Z

(
d2y

dt2

∣∣∣∣
t=nT

)
=

[
1 − z−1

T

]2
Y (z) (7.11)

In general, it follows that all the derivatives in the continuous-time transfer
function can be approximated in a simple manner to yield the corresponding
z-domain transfer function.
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Thus the Backward Euler z-transformation is defined as:

s =
1 − z−1

T
(7.12)

This transformation has also been named the p-transformation in literature.
Since the mapping provided by p-transformation yields stable sampled

data filters corresponding to stable analog filters, it can be used to design
such sampled data filters (see Fig. 7.2). However, it should be ensured
that the obtained z-domain transfer function realizes the same poles and
zeros as the s-domain filter. This is achieved by what is known as pre-
warping, meaning that in order to obtain the s-domain poles (or zeros) at
desired locations, we should choose the z-domain poles or zeros through the
relationship z = esT .

Another transformation using the “forward difference” approximation
for a derivative will be considered next.

7.4.4 Forward Euler Approximation of Derivatives

In this case, the derivative is approximated by the forward difference, i.e.,
dy

dt

∣∣∣∣
t=nT

=
y((n + 1)T ) − y(nT )

T
(7.13)

Following the same method as in the previous case, this corresponds to the
transformation:

s −→ z − 1
T

(7.14)

The resulting mapping is shown in Fig. 7.3. It is evident that stable analog
transfer functions do not result in stable sampled data transfer functions
when the forward Euler approximation is used.

Fig. 7.2 Mapping resulting from backward Euler transformation of the derivative.
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Fig. 7.3 Mapping resulting from forward Euler transformation of derivatives.

It is thus seen that the backward Euler approximation is preferable
to the forward Euler approximation. Alternative procedures for obtaining
sampled data transfer functions will be investigated next.

7.4.5 The Bilinear Transformation Method

The bilinear z-transformation is defined as:

s −→ 2
T

(1 − z−1

1 + z−1

)
(7.15)

The bilinear z-transformation avoids the problem of aliasing encountered
in the use of impulse invariance since it maps the entire imaginary axis in
the s-plane onto the unit circle in the z-domain. However, the price paid
for this is the introduction of the frequency warping effect or a distortion
in the frequency axis. This can be corrected by “prewarping” the analog
filter specifications.

It may be noted that while the bilinear transformation reproduces the
amplitude response of the prototype analog filter in the amplitude response
of the sampled data filter, it does not preserve the phase response. This is
because of the distortion of the frequency axis. In the next subsection, an-
other useful mapping transformation, the lossless discrete integrator (LDI)
transformation, will be discussed.
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7.4.6 The Lossless Discrete Integrator Transformation

For the LDI transformation, the derivative is approximated differently:

dy

dt

∣∣∣∣
t=(n+1/2)T

=
y(nT + T )− y(nT )

T
(7.16)

The first observation that can be made from this approximation is that the
sampling points of the derivative and the original time function are not the
same (when compared with the forward Euler or backward Euler approxi-
mations). The area under the curve dya/dt between sampling instants nT

and (n + l)T is approximated by midpoint integration.
From this definition the LDI z-transformation is defined as:

s −→ z1/2 − z−1/2

T
(7.17)

The effect of transformation (7.17) is “warping” as discussed above for the
bilinear transformation, but the “warping” for LDI and bilinear transforma-
tions is different in that bilinear transformation compresses the frequency
scale whereas the LDI transformation expands it. Consequently, the fre-
quency warping introduced by the bilinear transformation is more than that
introduced by the LDI transformation.

7.5 Switched Capacitor Fundamental Circuits

The realization of Switched Capacitor circuits is not always possible using
a single z-rasformation. There are parts of the circuit realized with one
type of z-transformation, and other parts realized with other types of z-
transformation. In particular a frequent situation is the presence of circuit
blocks in a cascade realized by Backward Euler transformation and Forward
Euler transformation. This configuration is equivalent to two blocks in
a cascade realized by LDI-transformation.

It is now important to study a way how to transform a resistance in the
continue time domain into switched capacitor configuration according to
the z-transformations introduced in the previous chapter. Since there are
more z-transformation definitions to move from the Laplace domain to the
z domain it is natural that various ways exist how to implement a resistance
with switched capacitor technology.

In order to realize the switched capacitors implementation of fractional
differintegral operator, the Backward Euler transformation has been se-
lected thanks to the characteristics descried previously.
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(a) (b)

Fig. 7.4 (a) Resistance, (b) Euler behind configuration.

7.5.1 Resistor Realized by Backward Euler Transformation

When using the resistance in Fig. 7.4(a), the current is i = vA−vB

R = vAB

R .
But i = dQ

dt
⇒ dQ

dt
= vAB

R
.

When applying the Laplace transformation:

i =
Q(s)

vAB(s)
=

1
sR

(7.18)

In order to obtain the transfer function of the switched capacitors con-
figuration in Fig. 7.4(b) (Euler Behind Configuration) we must solve the
equations of the circuit which are finite differential equations because the
system is time-discrete.

Thus Q(n) = Q(n− 1)+C
[
vA(n)− vB(n)

]
because at the instant n, S1

is open, S2 is close and the capacitors discharge.
When applying the z-transformation Q(z) = z−1Q(z)+CvAB(z) or else:

H(z) =
Q(z)

vAB(z)
=

C

1 − z−1
(7.19)

When using the Euler behind transformation for (7.18):

H(s)
∣∣∣
s= 1

T

(
1−z−1
) =

T(
1 − z−1

) =
T
R

1 − z−1
(7.20)

When matching (7.19) and (7.20) the relation between the value of the
switched capacitors and the value of the resistance is obtained:

C =
T

R
(7.21)

7.6 Circuital Implementation of the Fractional Order
Integrator

In this section a circuital implementation of Oustaloup interpolation of
a fractional order integrator is proposed.
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Fig. 7.5 Circuital implementation of Oustaloup interpolation of a fractional order
integrator.

The transfer function in (1.44) can be realized, selecting appropriate
values of the resistances and the capacities of the circuit shown in Fig. 7.5.

In fact the transfer function of the circuit in Fig. 7.5 is:

H(jw) =
Rp

Re

N∏
i=1

(1 + jRiCiw)

∗ 1∏N
i=1(1 + jRiCiw) + Rp

∑N
i=1 jCiw

∏N
k=1,k �=i(1 + jRkCkw)

(7.22)

Thus, matching (1.44) and (7.22) a set of equations is obtained, where
in the first members are located the known terms joined to the fractional
integration order and to the frequency range, according to the equations
(1.45), while in the second members there are the circuit parameters need
to be identified.
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Thus, the following equations are obtained:

C0 =
Rp

Re
(7.23)

w
′
i =

1
RiCi

∀i = 1 . . .N (7.24)

N∏
i=1

1 + j(
w

wi
) =

N∏
i=1

(1 + jRiCiw) + Rp

N∑
i=1

jCiw
N∏

k,k �=i

(1 + jRkCkw) (7.25)

An equations system of 2N + 1 equations and 2N + 2 parameters (Rp, Re,
Ri and Ci ∀i = 1 . . .N)is obtained. It is therefore possible to fix one and
calculate the others. A possible choice, suggested by empirical methods, is
fix:

Rp =
107

Wu
(7.26)

where Wu =
√

ωbωh.
According to (7.24) we can rewrite (7.25) in the form:

N∑
i=1

jCiw
N∏

k=1,k �=i

1 + j(
w

w
′
k

) =
1

Rp

[
N∏

i=1

1 + j(
w

wi
) −

N∏
i=1

1 + j(
w

w
′
i

)

]
(7.27)

Equation (7.27) can be written in the following matrix form:

[
jw
∏N

k=1,k �=1(1 + j w
w

′
k

) . . . jw
∏N

k=1,k �=N (1 + j w
w

′
k

)
] C1

...
CN


=

1
Rp

[
N∏

i=1

1 + j(
w

wi
) −

N∏
i=1

1 + j(
w

w
′
i

)

]
(7.28)

where the terms of the products are placed along the columns.
Thus there is a relation of the type A ∗ X = B ⇔ X = A−1 ∗ B thanks

to which it is possible to obtain the values of the capacities.
The values of the resistances are then obtained from the values of the

capacities via the formula (7.24), in fact:

Ri =
1

w
′
iCi

∀i = 1 . . .N (7.29)
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7.7 Switched Capacitors Implementation of Fractional
Order Integrator

In order to implement the fractional differintegral operator on chip, it is
necessary that each resistance located in the circuit of Fig. 7.5 is replaced
by a switched capacitors configuration [Caponetto (2008e)].

On replacing the resistances of the circuit in Fig. 7.5 with the switched
capacitors calculated with (7.21) after selecting the switch time T of the
switches, the circuit in Fig. 7.6 is obtained.

The capacitors used in the switched capacitors technology, in order to
obtain a fine accuracy, are realized between two layers of poly-silicon. With
these capacitors the minimal dimensions which can be obtained are 20 ∗
20µm2 with values of capacities about 0.2−0.3pF . The capacities of greater
value are realized connecting in parallel the capacities of the smaller value.
This procedure allows to have greater tolerances to inaccuracies.

The switches are realized using a parallel configuration of n-MOS and
p-MOS in a triode configuration in order to avoid the clock-feedthrough
and increase the dynamics of the signals.

Finally, so as to define the values of the parameters of the circuit in
Fig. 7.6, the value Ron, which characterizes the transistors in conduction,
must be calculated. Ron is calculated according the time constant τ =
RonC, where τ is the time of charge of a switch capacitor, as shown in
Fig. 7.7. We must guarantee that the charge of the switched capacitor
finishes before the end of the time slot, as shown in Fig. 7.7. Experimental
results have revealed that the value:

RonC ≤ T

14
(7.30)

7.8 Results

The identification problem of the parameters of the circuit in Fig. 7.5, i.e the
values of resistances and capacities calculated in (7.28) and (7.29), has been
solved by developing a procedure in Matlab r© Environment, which makes it
possible to define the values of the resistances and capacities needed for the
Oustaloup approximation of a fixed fractional order of integration on the
condition that the range of frequency is fixed. The circuits are developed
in Orcad r© Environment.

In Table 7.1 the values of the resistances and capacities calculated by
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the previous procedure for a fractional integrator of order 0.5 are shown.
In Fig. 7.8 the phase and module bode diagrams are plotted. In Figs.
7.9 and 7.10 the output waveform for a sinusoidal input of amplitude 1V

and frequency 100Hz (5Hz respectively) are shown. The amplitude of the

Fig. 7.6 Switched capacitors implementation of a fractional order integrator.
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Table 7.1 Parameter values for a fractional inte-
grator of order 0.5.

R1 R2 R3 R4

2.825kΩ 7.85kΩ 15.29kΩ 27.936kΩ

R5 R6 R7 R8

50.294kΩ 90.939kΩ 169.71kΩ 362.97kΩ

C1 C2 C3 C4

75.12nF 85.49nF 138.8nF 240nF

C5 C6 C7 C8

422nF 738nF 1.25µF 1.84µF

output signal, about 40mV (178mV respectively), is correctly attenuated
by a factor 1

(2πf)m , where f is the frequency of the input signal, and m = 0.5
is the order of integration. The phase of the output signal is delayed of
m ∗ 90◦ = 45◦, i.e., the time delay between the signal output and signal
input is 1.25ms (25ms respectively), because the time-period of the input
signal is 10ms (200ms respectively).

In Table 7.2 the values of the resistances and capacities calculated by
the previous procedure for a fractional integrator of order 0.2 are shown. In

Fig. 7.7 Ron definition.
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Fig. 7.8 Bode diagrams of fractional integrator of order 0.5.

Fig. 7.9 Waveforms of an integrator of order 0.5 at 100Hz.

Fig. 7.11 the phase and module bode diagrams are plotted. In Figs. 7.12 and
7.13 the output waveform for a sinusoidal input of amplitude 1V and fre-
quency 100Hz (5Hz respectively) are shown. The amplitude of the output
signal, about 280mV (500mV respectively), is correctly attenuated by a fac-
tor 1

(2πf)m , where f is the frequency of the input signal, and m = 0.2 is order
of integration. The phase of the output signal is delayed of m ∗ 90◦ = 45◦,
i.e., the time delay between the signal output and signal input is 0.5ms

(10ms respectively), because the time-period of the input signal is 10ms

(200ms respectively).
Using the switched capacitors implementation of the first order deriva-

tive operator and of the respective fractional integrator, as defined in eq.
1.6, it is possible to realize a fractional order derivative by the switched
capacitors approach. The output waveform for a sinusoidal input of ampli-
tude 100mV and frequency 5Hz is shown in Fig. 7.14.
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Fig. 7.10 Waveforms of an integrator of order 0.5 at 5Hz.

Table 7.2 Parameter values for a fractional inte-
grator of order 0.2.

R1 R2 R3 R4

108.43kΩ 155.09kΩ 201.07kΩ 255.46kΩ

R5 R6 R7 R8

323.12kΩ 409.85kΩ 527.9kΩ 727.86kΩ

C1 C2 C3 C4

2.326nF 5.143nF 12.545nF 31.225nF

C5 C6 C7 C8

78.066nF 194.62nF 477.83nF 1.096µF

Fig. 7.11 Bode diagrams of fractional integrator of order 0.2.
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Fig. 7.12 Waveforms of an integrator of order 0.2 at 100Hz.

Fig. 7.13 Waveforms of an integrator of order 0.2 at 5Hz.

Fig. 7.14 Waveforms of a derivative operator of order 0.8 at 5Hz.
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Chapter 8

Fractional Order Model of IPMC

In this chapter a new model for Ionic Polymer Metal Composites
(IPMC) actuators based on non-integer order models is proposed.
IPMCs are very interesting polymers because of their capability
to transform electrical energy into mechanical energy and vice-
versa, making them particularly attractive for possible applica-
tions in different fields, such as robotics, aerospace, biomedicine,
etc. An experimental setup has been realized to study the IPMCs
behavior and an algorithm has been developed in Matlab envi-
ronment in order to identify a fractional order model of IPMC
actuators.

8.1 Fractional Model Identification Introduction

During the last century, the use of traditional differential calculus has be-
come the fundamental tool to describe any physical phenomena that can
be found in nature. A complex dynamic is usually modeled by a number
N of first order differential equations. In systems theory, N is known as
the degree of the system. Moreover, the theory of Laplace transformation
in the case of linear systems has given the possibility of studying an input-
output relation via the ratio of its Laplace transform, which is called the
“Transfer Function” of the system and whose denominator is a polynomial
of degree N . The duality of these approaches allows one to pass easily
from the “Time Domain” of differential equations to the “Frequency Do-
main” of transfer functions. The reverse path is usually nontrivial and may
cause some difficulties when dealing with classical mathematical tools. In
fact there are physical phenomena whose study involves transfer functions
of degree m, m being a non integer number. Transmission lines [Wang

145
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(1987)], electrical noises [Mandelbrot (1967)], [Keshner (1982)], power-law
[Korabel (2007)], control systems [Caponetto (2008a)], bioengineering [Mar-
gin (2006)], dielectric polarization [Onaral (1982)], ultracapacitor [Lorenzo
(2008); Sabatier (2008)], heat transfer phenomena [LeMehaute (1991)], and
systems with long-range interaction [Tarasov (2006, 2007)] are some of the
fields having “Non Integer Order” physical laws.

For three centuries the theory of fractional derivatives developed mainly
as a pure theoretical field of mathematics useful only for mathematicians.
However, in the last few decades many authors pointed out that derivatives
and integrals of non-integer order are very suitable for the description of
properties of various real materials, e.g. polymers. It has been shown
that new fractional-order models are more adequate than previously used
integer-order models.

8.2 Ionic Polymer Metal Composites (IPMC)

IPMCs are innovative materials made of an ionic polymer membrane elec-
troded on both sides with a noble metal. It is now well documented that
IPMCs can exhibit large dynamic deformations if suitably electroded and
forced by a time-varying voltage signal. Conversely, dynamic deformation
of such ionic polymers produces dynamic electric fields across their elec-
trodes. They can work either as low-voltage activated motion actuators or
as motion sensors [Shahinpoor (2001)], [Shahinpoor (1998)]. These appli-
cations are shown in Fig. 8.1 and Fig. 8.2, respectively.

IPMCs show great potential as soft robotic actuators, artificial mus-
cles and dynamic sensors in the micro-to-macro size range. They are ionic

Fig. 8.1 Deformation of IPMC due to the applied voltage.
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Fig. 8.2 IPMC used as a sensor in order to estimate the applied deformation.

polymers with ion exchanging capabilities which are then chemically treated
with an ionic salt solution of a metal and then chemically reduced to yield
ionic polymer metal composites. The term ion exchange polymers refers
to polymers designed to selectively exchange ions of a single charge (either
cations or anions) with their own incipient ions. They are often manufac-
tured from polymers that consist of fixed covalent ionic groups. Typical
ion exchange polymers are the following:

(1) Perfluorinated alkenes with short side-chains terminated by ionic
groups (typically sulfonate or carboxylate (SO−

3 or COO−) for cation
exchange or ammonium cations for anion exchange (see Fig. 8.3)). The
large polymer backbones determine their mechanical strength. Short
side-chains provide ionic groups that interact with water and the pas-
sage of appropriate ions.
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Fig. 8.3 Perfluorinated sulfonic acid polymers. The counter-ion, Na+ in this case, can
simply be replaced by other ions.

(2) Styrene/divinylbenzene-based polymers in which the ionic groups have
been substituted by the phenyl rings where the nitrogen atom is fixed
to an ionic group. These polymers are highly cross-linked and rigid.

In perfluorinated sulfonic acid polymers there are relatively few fixed
ionic groups. They are located at the end of side-chains so as to po-
sition themselves in their preferred orientation to some extent. There-
fore, they can create hydrophilic nano-channels, so-called cluster networks.
Such configurations are completely different in other ionic polymers such as
styrene/divinylbenzene families that are primarily limited by cross-linking,
the ability of the ionic polymers to expand (due to their hydrophilic nature).

For the specific application the ionic polymer used is Nafion (produced
by Dupont and distributed by Sigma−Aldrich), while Platinum has been
chemically deposed to form the electrodes [Kim (2003)]. The chemical pro-
cess is applied to large sheets of Nafion. Subsequently some sheets undergo
an ionic exchange process where hydrogen ions are replaced by sodium or
lithium ions (this step is necessary in order to improve mechanical trans-
duction performance). Each sheet is then cut into strips, using a surgical
blade, to obtain the Device Under Test (DUT). A photo of samples used
as DUTs is shown in (Fig. 8.4).

The Nafion molecule has the structure given by the formula shown in
Fig. 8.5.

Ionic polymers like Nafion have inner ionisable groups; a property of
these groups is that they dissociate and move in the molecular net in a va-
riety of solvent media. In the polymeric matrix of commercial Nafion-SO−

3

is the fixed group while the cation H+ is free to move.
By applying a voltage to a typical electrolyte, cations and anions move
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Fig. 8.4 A sample of IPMC.

Fig. 8.5 Nafion polymers.

in opposite directions: no energy is transferred from the molecular net-
work to the solvent, and no solvent molecule is carried. Instead, in the
above-mentioned polymeric membrane the solvent molecules can be carried
parasitically by the mobile cations [Shahinpoor (1998)]. In the next sec-
tion, a detailed description will be given of the IPMC material to which
the innovative electric model proposed refers. Then it will be clear that the
deformation of an IPMC actuator is strictly linked to the charge migration
inside it. In order to predict IPMC deformation with a given input voltage,
the first step is therefore to develop a model able to translate the input
voltage into the relative current inside the membrane. This is the aim of
this work.

8.3 Actuation Mechanism on IPMCs

When an external voltage is applied across the thickness of the IPMC, mo-
bile cations will move toward the cathode. Moreover, if a hydrated sample
is considered, the cations will carry water molecules with them. The cath-
ode area will expand whilst the anode area will shrink; consequently the
polymer will bend toward the anode. Cations with a high hydration num-
ber will produce a greater deformation than cations with a low hydration
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number [Shahinpoor (2001)]. For this reason, in motion-related applica-
tions, the hydrogen ion of the Nafion molecule in commercially available
samples is purposefully substituted, via an ion exchange process, with Na+,
Li+, etc.

A constant applied voltage causes the formation of a gradient of water
concentration. Back diffusion of the water is responsible for the subsequent
relaxation of the membrane [Nemat-Nasser (2002)].

Moreover, after deposition, metallic ions scatter throughout the super-
ficial regions of the polymer, given its porous structure, where they are
reduced to their metallic atoms. This results in the formation of dendritic
electrodes, as shown in (Fig. 8.6). This phenomenon is widely reported
in literature [Bar-Cohen (1999)], [Nemat-Nasser (2003)], [Bennett (2003)],
where SEM images show the dendritic structures.

The two deposed metallic layers amplify the deformation: they add
a deformation due to Coulombianforces to the effect of water transport.
When subjected to an external voltage these electrodes will load one side
with positive charges and the other with negative ones. These charges will
interact with the fixed negative groups in the polymer chain. In the pres-
ence of an external electric field the positive ions move inside the polymer
net, following the direction of the voltage gradient. Also, at the electrode-
polymer interfaces the deformation phenomena are dominated by the inter-
action between the fixed negatively charged groups (e.g., SO−

3 in the case
of Nafion) and the charged electrodes. The bending deformation induced
by the metal is due to a differential contraction-expansion of the external
fibers of the strips which are respectively subjected to attraction-repulsion
forces between adjacent charges. The two actuation mechanisms described
are represented in (Fig. 8.7).

Fig. 8.6 Platinum distribution after deposition on the Nafion membrane surface.



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

Fractional Order Model of IPMC 151

Fig. 8.7 Two actuation mechanisms inside an IPMC strip: water transportation and
Coulombian forces due to the dendritic electrodes.

The bending of the IPMC membrane toward the anode is a function of
the applied voltage up to a certain physical limit. Under ac voltage the
membrane starts moving, following the applied electrical signal, while the
nature of the deformation itself depends on both the amplitude and the
frequency of the input wave [Shahinpoor (1999)]. More specifically, the dis-
placement increases with amplitude while it decreases with frequency. The
latter dependence can be accounted for by the inertia of the cations, which
prevents them from following sudden variations in the applied voltage.

When a voltage signal is applied across the thickness of the IPMC,
mobile cations will move toward the cathode. Moreover, if a hydrated
sample is considered, the cations will carry water molecules with them. The
cathode area will expand while the anode area will shrink; consequently the
polymer will bend toward the anode (see Fig. 8.8(a)). Cations with a high
hydration number will produce greater deformation than cations with a
low hydration number [Nemat-Nasser (2002)]. For this reason, in motion-
related applications, the hydrogen ion of the Nafion molecule is purposefully
substituted, via an ion exchange process, by Na+, Li+, etc.

8.4 State-of-the-Art for IPMC Models

Several electrical models have been proposed in the literature in the last
decade, but they only take the capacitive behavior of IPMCs into account,
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Fig. 8.8 (a) Chemical process and (b) beam of IPMC.

due to the presence of the polymeric membrane between two metal layers,
and they do not give relevance to the cationic current term, which is the
fundamental cause of the bending deformation. Also, all the models con-
sidered are linear, and therfore cannot describe the nonlinear phenomena
of the material, which have been observed but have not been character-
ized yet. As a consequence, they are incomplete. Moreover, most of them
use distributed circuits, which are not easy to analyze in order to find an
analytical solution.

Considering the beam parameters, the length Lfree and the cross-
sectional dimensions (thickness t and width w), it will be assumed that
the beam vibrates in the vertical plane (see Fig. 8.8(b)).

8.5 Experimental Setup

The experimental setup is composed of a circuit to impose the voltage
input signal on the membrane and a distance laser sensor to measure the
tip deflection. The scheme and the photo of the experimental setup are
shown in Figs. 8.9 and 8.10, respectively.

When subjected to an external voltage, the IPMC dehydrates, and the
resulting deformation decreases. Hence, the material must be re-hydrated
to improve the repeatability of the observations. For this reason each
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Fig. 8.9 The scheme of the measuring apparatus used to characterize the tip deflection
of an IPMC strip.

Fig. 8.10 The photo of the measuring apparatus used to characterize the tip deflection
of an IPMC strip.

acquisition survey was performed on a fully hydrated sample and, in order
to minimize the hydration level dependence of the parameters, each acquisi-
tion survey lasted at most a few minutes. Moreover, after each acquisition,
the IPMC strip was re-hydrated by immersion overnight in deionised wa-
ter, until the next survey. Also, as long as the hydration level was restored,
no significant degradation of the sample was observed by repeating several
tens of surveys.

It can be noticed that the change in shape becomes significant from
amplitudes higher than 1.5V . For this reason a value of 1.5/2V was assumed
as the threshold value.
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The signals acquired by DAQ6052E, that is, the voltage input imposed
on the membrane and the deflection of the cantilever tip measured with
the laser sensor, are shown in Figs. 8.11 and 8.12, respectively. The voltage
input signal is a linear chirp signal from 500 mHz to 50 Hz. Using a sample
frequency equal to 1000 samples/s, 10000 samples are obtained for a data
acquisition campaign lasting 10 s. The output signal acquired, i.e. the
deflection of the cantilever tip, shows that the IPMC reaches the maximum
deflection in the resonance condition

By processing these data in Matlab Environment, the transfer function
of the system has been obtained, supposing that the system is linear, and
using the “tfestimate” Matlab function. Thus, the Bode diagram of the
system, shown in Fig. 8.13 has been estimated.

The frequency analysis of the IPMCs behaviour is limited to the range
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Fig. 8.11 Voltage input applied to the membrane.
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Fig. 8.12 Deflection of the cantilever tip measured with the laser sensor.
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Fig. 8.13 Bode diagram of the voltage-deflection transfer function.

frequency of 0.5− 50Hz because this is the range in which IPMCs work as
actuators.

The inspection of the Bode diagrams makes it is clear that the system
presents resonance at the frequency of about 40 Hz and, mostly, a non
integer order behavior. In fact the initial slope in the module Bode diagram
is about 15,5 db/dec, and the initial phase is about −70◦ [Arena (2000)].

These Bode diagrams can also be identified by integer order models, but
non integer order models make it possible to obtain a comparable modeling
performance by using a smaller set of parameters [Caponetto (2008b)].

Therefore, it was decided that the model of IPMCs be identified with
a non-integer order model. Since in this case the values of fractional expo-
nents need to be estimated along with the corresponding transfer function
zero and pole values, the identification problem is nonlinear and an ade-
quate optimization procedure needs to be used.

8.6 Marquardt Algorithm for the Least Squares Estimation

Most algorithms for the least-squares estimation of nonlinear parameters
have centered about either of two approaches. On one hand, the model
may be expanded as a Taylor series with corrections applied to the several
parameters calculated at each iteration on the assumption of local linearity.
On the other hand, various modifications of the method of steepest-descent
have been used. Both methods are not infrequently run aground: the
Taylor series method because of the divergence of the successive iterations,
the steepest-descent (or gradient) methods because of the agonizingly slow
convergence after the first few iterations.
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In this work a Marquardt method is used which, in effect, performs an
optimum interpolation between the Taylor series method and the gradient
method. This interpolation is based upon the maximum neighbourhood in
which the truncated Taylor series gives an adequate representation of the
nonlinear model [Marquardt (1963)].

Let the model to be fitted to the data be:

Ŷ = f(x1, x2, . . . , xm; β1, β2, . . . , βk) = f(−→x ,
−→
β ) (8.1)

where x1, x2, . . . , xm are independent variables, β1, β2, . . . , βk are the pop-
ulation values of k parameters, and Ŷ is the expected value of the function.
Let the data points be denoted by (Yi, x1i, x2i, . . . , xmi).

The problem is to compute those estimates of the parameters which will
minimize

Φ =
n∑

i=1

[
Yi − Ŷi

]2
=
∥∥∥Y − Ŷ

∥∥∥2 (8.2)

where Ŷi is the value of Y predicted by (8.1) at the ith data point.
In the eq. (8.3) the Taylor series is written through the linear terms:〈

Y
(−→
Xi,

−→
b +

−→
δt

)〉
= f
(−→
Xi,

−→
b
)

+
n∑

j=1

(
∂fi

∂bj

)
(δt)j (8.3)

or 〈−→
Y
〉

=
−→
f0 + P

−→
δt (8.4)

In (8.3),
−→
β is replaced notationally by

−→
b , the converged value of

−→
b being

the least-squares estimate of
−→
β . The vector

−→
δt is a small correction to

−→
b ,

with the subscript t used to designate
−→
δ as calculated by this Taylor series

method. The brackets
〈〉

are used to distinguish predictions based upon
the linearized model from those based upon the actual nonlinear model.

Thus, the value of Φ predicted by (8.3) or (8.4) is〈
Φ
〉

=
n∑

i=1

[
Yi −
〈
Yi

〉]2
(8.5)

Now,
−→
δt appears linearly in (8.3) or (8.4), and can therefore be found by the

standard least-squares method, by imposing the condition ∂
〈
Φ
〉
/∂δj = 0,

for all j. Thus
−→
δt is found by solving at r -th iteration the equation:(

A(r) + λ(r)I
)−→

δt = −→g (r) (8.6)
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where

A[k×k] = P T P, P [n×k] =

(
∂fi

∂bj

)
,

g[k×1] =

(
n∑

i=1

(
Yi − fi

)∂fi

∂bj

)
= PT
(−→
Y −−→

f0

)
(8.7)

for i = 1, 2, . . . , n; j = 1, 2, . . . , k.
The new trial vector b(r+1) = b(r)+δ(r) will lead to a new sum of squares

Φ(r+1). It is essential to λ(r) such that

Φ(r+1) < Φ(r) (8.8)

It is clear from the foregoing theory that a sufficiently λ(r) always exists
such that (8.8) will be satisfied, unless

−→
b (r) is already at a minimum of Φ.

At each iteration it is desired to minimize Φ in the (approximately)
maximum neighbourhood over which the linearized function will give ad-
equate representation of the nonlinear function. Accordingly, the strategy
to choose λ(r) must seek to use a small value of λ(r) when the guesses are
in the immediate vicinity of the minimum. Large values of λ(r) should
therefore be used only when necessary to satisfy (8.8). Such a strategy
would inherit many of the properties of steepest-descent; e.g., rapid initial
progress followed by progressively slower progress.

The strategy will therefore be defined as follows:
Let ν > 1 be a real number.
Let λ(r−1) denote the value of λ from the previous iteration. Initially

fixing λ(0) = 0.01 Φ(λ(r−1)) is computed:

(1) If Φ(λ(r−1)) > Φ(λ(r)), let λ(r) = λ(r−1)/λ

(2) If Φ(λ(r−1)) < Φ(λ(r)), increase λ by successive multiplication by ν until
for the some smallest w Φ(λ(r−1)νw) > Φ(λ(r)). Let λ(r) = λ(r−1)νw

By this algorithm a feasible neighbourhood is always obtained. Fur-
thermore, the maximum neighborhood in which the Taylor series gives an
adequate representation for our purposes is almost always obtained, within
a factor determined by ν.
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8.7 Fractional Models for IPMC Actuators

8.7.1 Comparison Between an Integer Model and a Frac-

tional Model of IPMC Actuators

When applying the Marquardt algorithm to the available data, the model
obtained is:

F (s) =
340

s0.756(s2 + 3.85s + 5880)1.15
(8.9)

A comparison between the tip deflection of the cantilever IPMC as predicted
by a model and corresponding acquired data is shown in Fig. 8.14 and
Fig. 8.15. More specifically, the Module and Phase Bode diagrams are
shown, respectively. The graph shown in the reported figures is referred to
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Fig. 8.14 Module comparison between predicted and measured tip deflection of a can-
tilever IPMC.
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Fig. 8.15 Phase comparison between predicted and measured tip deflection of a can-
tilever IPMC.
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as 117Nafion IPMC with Sodium as a counter ion and 25mm long, 3mm

wide, and 200µm thick. Results show a good prediction of the frequency
response.

In Figs. 8.16 and 8.17 a comparison between the realized non-integer
order model, the experimental acquired data and an integer order model,
whose transfer function is explained in eq. (8.10), are shown.

F (s) =
900s2 + 2.57 ∗ 106s + 2.85 ∗ 109

0.011s4 + 31.59s3 + 4.97 ∗ 102s2 + 2.57 ∗ 106s + 2.85 ∗ 109
∗

∗3.47 ∗ 10−3s + 92.52 ∗ 10−3

s2 + 53.3s + 3.06 ∗ 10−12
(8.10)
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Fig. 8.16 Module comparison between the non-integer order model realized, the exper-
imental acquired data and an integer order model.
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Fig. 8.17 Phase comparison between the non-integer order model realized, the experi-
mental acquired data and an integer order model.
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The same behavior of the non-integer order system identified can be
approximated by a high integer order system. In particular the non-integer
order model, proposed in this work, offers better modeling of the IPMC
actuators at low frequencies.

8.7.2 Fractional Models for the Electrical and Electrome-

chanical Stages of IPMC Actuators

In this section new models for the electrical and electromechanical stages
of IPMC actuators, based on non-integer order models, are proposed
[Caponetto (2008d)].

The new models of the electrical and electromechanical stages of IPMC
actuators allow us to estimate the IPMC actuator absorbed current and the
relevant mechanical quantities (free deflection and/or blocked force). A key
factor in actuator design is the knowledge of the absorbed current; indeed,
it allows the estimation of the power consumption for the device. This is
a fundamental aspect in applications such as autonomous robotic systems,
where the designer must address the problem of power source availability. It
is therefore of great importance to have a single model able to describe the
relationships between applied voltage and absorbed current and between
this current and the produced action [Bonomo (2007)].

The experimental setup is the same as described previously. The de-
flection of the cantilever tip was measured with a commercially available
distance laser sensor (Baumer Electrics OADM12U6430). Light from the
laser diode was focused onto the end of the cantilever. The absorbed cur-
rent was transduced by using a shunt resistor. The signals acquired by
DAQ6052E, that is, the voltage input imposed on the membrane, the cur-
rent absorbed, and the deflection of the cantilever tip, measured with the
laser sensor, are shown in Figs. 8.18, 8.19, and 8.20 respectively.

The voltage input signal is a linear chirp signal from 500mHz to 50Hz.
Using a sample frequency equal to 1000 samples/s, 10000 samples are ob-
tained for a data acquisition campaign during 10 s. The acquired output
signal, i.e. the deflection of the cantilever tip, clearly shows that the IPMC
reaches the maximum deflection in the resonance condition. On processing
this data in Matlab Environment, the transfer functions voltage-current,
current-deflection and voltage deflection were obtained, supposing that the
system is linear, and using the “tfestimate” Matlab function. Thus, the
Bode diagram of the three functions, shown in Figs. 8.21, 8.22, and 8.23,
have been estimated.
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Fig. 8.18 Voltage input applied to the membrane.
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Fig. 8.19 Current absorbed by the membrane.
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Fig. 8.20 Deflection of the cantilever tip measured with the laser sensor.
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Fig. 8.21 Bode diagrams of the system voltage-current deduced from experimental data.
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Fig. 8.22 Bode diagrams of the system current-deflection deduced from experimental
data.
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Fig. 8.23 Bode diagrams of the system voltage-deflection deduced from experimental
data.
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On inspecting the Bode diagrams it becomes clear that the three systems
present a non integer order behaviour [Arena (2000)]. In fact the module
Bode diagrams present a slope equal to m ∗ 20 db/decade, and the phase
Bode diagrams present a phase lag equal to n∗90◦, where m and n are real
numbers.

As previously it was decided to identify the models of the three systems
with non-integer order models. Since in this case the values of fractional
exponents need to be estimated along with the corresponding transfer func-
tion zero and pole values, the identification problem is nonlinear and the
Marquardt Algorithm is used.

Applying this algorithm to the available data, the models obtained for
the three transfer functions, voltage-current, current-deflection and voltage-
deflection are shown in eqs. (8.11), (8.12), and (8.13) respectively.

I(s)
V (s)

= 0.5s0.09

(
s

0.01 + 1
)1.2

(
s

1.5 + 1
)1.2 (8.11)

D(s)
I(s)

=
680

s0.876(s2 + 3.85s + 5880)1.15

(
s

1.5
+ 1
)1.2

(
s

0.01 + 1
)1.2 (8.12)

D(s)
V (s)

=
340

s0.756(s2 + 3.85s + 5880)1.15
(8.13)

A comparison between the transfer functions as predicted by the model
and corresponding acquired data is shown in Figs. 8.24–8.29. More specif-
ically, the Module and Phase Bode diagrams are shown, respectively. The
graph shown in the reported figures is referred to a 117Nafion IPMC with
Sodium as counter ion and 25mm long, 3mm wide, and 200µm tick. Results
show a good prediction of the frequency response.

Another important comment regarding the three transfer functions
(8.11), (8.12), and (8.13) is that in the voltage-current and current-
deflection transfer functions there are dynamics that mutually compensate
them and do not appear in the total voltage-deflection transfer function.

In order to validate the obtained models also in the time domain, the es-
timated value of the deflection of the cantilever tip by the non integer order
model is plotted in Fig. 8.30. This faithfully follows the values measured
with the laser sensor.
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Fig. 8.24 Module comparison between predicted and measured voltage-current transfer
function.
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Fig. 8.25 Phase comparison between predicted and measured voltage-current transfer
function.
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Fig. 8.26 Module comparison between predicted and measured current-deflection trans-
fer function.
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Fig. 8.27 Phase comparison between predicted and measured current-deflection transfer
function.
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Fig. 8.28 Module comparison between predicted and measured voltage-deflection trans-
fer function.
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Fig. 8.29 Phase comparison between predicted and measured voltage-deflection transfer
function.
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Fig. 8.30 Comparison in the time domain between the deflection measured with the
laser sensor, and the value estimated by the non integer order model.
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Petráš, I., Dorčák, Ľ., Podlubny, I., Terpák, J., and O’Leary, P. (2005). Imple-
mentation of fractional-order controllers on PLC B&R 2005, in Proceedings
of the ICCC2005, Miskolc-Lillafured, Hungary, May 24-27, pp. 141–144.
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Padé approximation, 36
principal term, 37
quasipolynomials, 36, 38

classical chaotic system
Chua’s oscillator, 54
Duffing’s oscillator, 61
Genesio-Tesi system, 65
Lorenz’s oscillator, 63
Lotka-Volterra system, 69
Newton-Leipnik’s system, 68
Volta’s oscillator, 72

fractional calculus
Laplace transforms, 4
numerical methods, 12
Short-Memory Principle, 81

fractional chaotic system
Chua’s oscillator, 56
Duffing’s oscillator, 60
Genesio-Tesi system, 65
Lorenz’s system, 62
Lotka-Volterra system, 69
Lu’s system, 66
Newton-Leipnik’s system, 68
Rossler’s system, 67
Van der Pol oscillator, 59
Volta’s system, 73

fractional differintegral definition
Caputo definition, 3
Grünwald-Letnikov definition, 3,

81, 84

Riemann-Liouville definition, 3, 77
fractional order controller

PIλDµ controller, 34
analog implementation

FPAA, 115
Continued Fraction Expansion

(CFE), 14, 93
CRONE system, 33
digital implementation

FIR filters, 96
fixed point computation, 83,

86
floating point computation, 83
FPGA, 82
IIR filters, 94, 97
PC-PLC, 99
PIC, 98
PLC, 107

IC implementation, 127
active filters, 128
passive filters, 128
sampled data filters, 130
switched capacitors filters, 129

Power Series Expansion (PSE), 13,
92

fractional order system
linear, 17
stability

Hermite-Biehler theorem, 37
LTI system, 20
nonlinear system, 30
Pontryagin theorem, 38

177



December 29, 2009 15:54 World Scientific Book - 9in x 6in ws-book9x6

178 Fractional Order Systems: Modelling and Control Applications

principal term, 37
function

factorial function, 3
Gamma function, 8
Mittag-Leffler, 10, 17

identification methods
Marquardt Algorithm, 155

instability measure, 31
Ionic Polymer Metal Composites

(IPMC), 146

sampled data filters
Backward Euler approximation,

132
bilinear transformation method,

134
Forward Euler approximation, 133
impulse invariance method, 130
lossless discrete integrator

transformation, 135
matched-z transformation method,

131


	Cover
	FRACTIONAL ORDER
SYSTEMS
	ISBN-13 978-981-4304-19-1
	Chapter 1
Fractional Order Systems
	Chapter 2
Fractional Order PID Controller and
their Stability Regions Definition
	Chapter 3
Fractional Order Chaotic Systems
	Chapter 4
Field Programmable Gate Array
Implementation
	Chapter 5
Microprocessor Implementation and
Applications
	Chapter 6
Field Programmable Analog Array
Implementation
	Chapter 7
Switched Capacitor Integrated
Circuit Design
	Chapter 8
Fractional Order Model of IPMC
	Bibliography

